
On the Ergodicity and Stationarity of
the ARMA(1,1) Recurrent Neural

Network Process

Adrian Trapletti
Friedrich Leisch

Kurt Hornik

Working Paper No. 37
May 1999



May 1999

SFB
‘Adaptive Information Systems and Modelling in Economics and

Management Science’

Vienna University of Economics
and Business Administration

Augasse 2–6, 1090 Wien, Austria

in cooperation with
University of Vienna

Vienna University of Technology

http://www.wu-wien.ac.at/am

This piece of research was supported by the Austrian Science
Foundation (FWF) under grant SFB#010 (‘Adaptive Information

Systems and Modelling in Economics and Management Science’).



On the Ergodicity and Stationarity of the
ARMA(1,1) Recurrent Neural Network Process

Adrian Trapletti
Institut für Unternehmensf¨uhrung

Wirtschaftsuniversit¨at Wien
Augasse 2–6, A-1090 Vienna, Austria

adrian.trapletti@wu-wien.ac.at

Friedrich Leisch
Institut für Statistik

Technische Universit¨at Wien
Wiedner Hauptstr. 8–10
A-1040 Vienna, Austria

friedrich.leisch@ci.tuwien.ac.at

Kurt Hornik
Institut für Statistik

Technische Universit¨at Wien
Wiedner Hauptstr. 8–10
A-1040 Vienna, Austria

kurt.hornik@ci.tuwien.ac.at

Abstract

In this note we consider the autoregressive moving average recurrent neu-
ral network ARMA-NN(1; 1) process. We show that in contrast to the
pure autoregressive process simple ARMA-NN processes exist which
are not irreducible. We prove that the controllability of the linear part
of the process is sufficient for irreducibility. For the irreducible process
essentially the shortcut weight corresponding to the autoregressive part
determines whether the overall process is ergodic and stationary.

1 Introduction

We consider theautoregressive moving average recurrent neural network ARMA-NN(1; 1)
process, which is defined by stochastic difference equations of the form

yt = h(yt�1; "t�1; �) + "t: (1)

h(yt�1; "t�1; �) denotes a multi layer perceptron (MLP) with inputy t�1, feedback"t�1,
and weight (parameter) vector�. "t is a sequence of independently and identically dis-
tributed random variables and represents the noise process.

The output of the MLP withq hidden units and activation functionG is given by

h(yt�1; "t�1; �) =  1yt�1 +  2"t�1 + � +

qX
i=1

�iG(�i;1yt�1 + �i;2"t�1 + �i): (2)

The weight vectors are the shortcut connections = ( 1;  2)
0, the hidden to out-

put unit weights� = (�; �1; : : : ; �q)
0, and the input to hidden unit weights� =

(�1;1; : : : ; �q;2; �1; : : : ; �q)
0 collected together in the network weight vector�.



The ARMA-NN(1; 1), short ARMA-NN, can be seen as an interesting subclass of a
more general recurrent neural network model, since the feedback" t�1 essentially rep-
resents the difference between the observed valuey t�1 and the network output̂yt�1 =
h(yt�2; "t�2; �) (see, e.g., [1]).

On the other hand the ARMA-NN is a natural generalization of the linear autoregressive
moving average ARMA(1; 1) process (see, e.g., [2] for a comprehensive introduction into
classical time series analysis). Here,h(�) is a linear function of its arguments. Furthermore,
the non-linear autoregressive feedforward neural network AR-NN(1) process is a special
case of the ARMA-NN with no feedback connection 2 = �i;2 � 0 (see, e.g., [3] for a
definition of AR-NNs).

The ergodicity and stationarity of a process is of particular importance for statistics in time
series analysis. For such processes a single realization displays the whole probability law
of the data generation process (DGP). Recent results exist for AR-NN processes [3, 4],
but there are — up to our knowledge — no results giving conditions for the ergodicity
and stationarity of the ARMA-NN process. We extend these results for the ARMA-NN
process. In particular, we show that controllability of the linear part of the process implies
the fundamental property of irreducibility. Concerning the irreducible process essentially
the shortcut weight corresponding to the autoregressive part determines whether the overall
process is ergodic and stationary.

The remainder of this note is organized as follows: Section 2 introduces some relevant
concepts from Markov chain theory and discusses irreducibility of the ARMA-NN process.
Section 3 presents sufficient conditions for the ergodicity and stationarity of the ARMA-
NN process. All proofs are deferred to the appendix.

2 Irreducibility

To start we put the ARMA-NN in state space form

xt = 	xt�1 + F (xt�1) + �"t; (3)

wherext = (yt; "t)
0, � = (1; 1)0, 	 =

�
 1  2
0 0

�
, F (xt�1) = (g(yt�1; "t�1; �; �); 0)

0,

andg(yt�1; "t�1; �; �) = �+
Pq

i=1 �iG(�i;1yt�1+�i;2"t�1+�i). Thenfxtg is aMarkov
chain with state spaceX � R

2 equipped with the usual Borel�-field B and Lebesgue
measure�. [5] give a comprehensive introduction to Markov chains.

The concept of irreducibility is fundamental when considering the structure of a Markov
chain: all parts of the state space can be reached by the Markov chain irrespective of the
starting point. IfP t(x;A) denotes the transition probability from the statex to the set
A 2 B in t steps, a chain is calledirreducible if

P
1

t=1 P
t(x;A) > 0 for all x 2 X

whenever�(A) > 0.

In contrast to pure autoregressive processes, irreducibility does not hold almost automati-
cally for the ARMA-NN. Suppose, e.g., that in (3) the linear part vanishes. The non-linear
part of neural networks is usually bounded,kF (�)k < M < 1, wherek�k denotes Eu-
clidean norm. Then, the setC = f(x; y) 2 R2 ; jx� yj �Mg can never be reached by the
Markov chain. However, less trivial examples exist: Consider the following ARMA-NN

yt = tanh(2yt�1 � 2et�1) + "t: (4)

By recursively substituting into equation (4) we get

yt = tanh(2 tanh(: : : 2 tanh(2y0 � 2e0) : : : )) + et: (5)

Now, ast!1, the first term on the right hand side of the equation converges to a fixpoint
of the functiontanh(2x). tanh(2x) has three fixpoints:�0:957 : : : , 0:0, and0:957 : : : .



Consequently, three different classes of solutions exist for the difference equation (4) cor-
responding to different initial valuesy0 � e0. For example, negative values ofy0 � e0
imply that the first term converges to the negative fixpoint. Each solution is asymptotically
stationary. But the processfytg is not ergodic due to the reducibility of the corresponding
Markov chainfxtg.

Irreducibility is closely related to the concept of forward accessibility from control theory
(see, e.g., [5], Section 7). Equation (3) may be interpreted as a control system driven by
the control sequencef"tg

xt = Ft(x0; "1; : : : ; "t); (6)

where the definition ofFt(�) follows inductively from (3). DefineAt
+(x) as the set of

all states which are accessible from x at timet, i.e., A0
+(x) := fxg andAt

+(x) :=
fFt(x0; "1; : : : ; "t); "i 2 Og, where the control setO is an open set inR. Then the
control systemFt is calledforward accessible if the set

S
1

t=0A
t
+(x) has non-empty in-

terior for eachx 2 X. Hence, forward accessibility means that the set of reachable states
is not concentrated in some lower dimensional subset ofX. This property together with
an additional assumption on the noise process is essential to ensure that the corresponding
Markov process is irreducible.

To state forward accessibility for the ARMA-NN, we consider the following activation
functions.

Assumption 1. G 2 C1 is a bounded, non-constant, and asymptotically constant func-
tion.

Note, that most activation functions such as the logistic functionG(x) = (1+exp(�x))�1

and thetanh(�) squasher satisfy Assumption 1.

Now, a sufficient condition for forward accessibility can be obtained by rewriting the con-
trol system (3) as

xt = 	xt�1 + F (xt�1) + �"t

= 	2xt�2 +	F (xt�2) + F (xt�1) + 	�"t�1 +�"t

= 	2xt�2 +	F (xt�2) + F (xt�1) + ( 1 +  2; 0)
0"t�1 + (1; 1)0"t:

(7)

If both control terms are “active”, then the motion of the control system is not concentrated
in some lower dimensional subset ofX. For the linear system (7) (F � 0) this implies
that every point of the state space can be reached irrespective of the starting point for some
control values"t�1 and"t. The linear control systemFt is then calledcontrollable.

Assumption 2. The linear part of (3) is controllable, i.e., 1 +  2 6= 0.

Assumption 2 implies that the linear part of (2) does not vanish, i.e.,( 1;  2) 6= 0.

Proposition 1. Under Assumptions 1 and 2 the control model (3) is forward accessible.

Under a suitable condition on the distribution of the noise process" t, irreducibility of the
corresponding Markov chain immediately follows.

Proposition 2. Suppose the distribution of "t is absolutely continuous with respect to the
Lebesgue measure � and the probability density function (�) of " t is positive everywhere
in R and lower semi-continuous. Then, under the conditions in Proposition 1 the Markov
chain (3) is irreducible on the state space (R2 ;B).

For example, Gaussian white noise fulfils the conditions of Proposition 2.

Controllability of the linear system is not a necessary condition. However, if the linear part
of the system is not controllable, then it is not possible to establish forward accessibility



and irreducibility without considering additional restrictive assumptions on the non-linear
part of (3). Furthermore, the state space has to be restricted to some open subset ofR

2 .
Here, we do not further exploit this aspect.

3 Ergodicity and Stationarity

We are interested in conditions on the weights, for whichfx tg is a (strictly) stationary
process. This problem is closely related to the ergodicity of the process. A Markov chain
fxtg is called geometrically ergodic if there exists a probability measure� on (X;B) and
a constant% > 1 such that

lim
t!1

%tkP t(x; �)� �(�)k = 0 (8)

for eachx 2 X andk�k denotes the total variation norm. Then, the distribution offx tg
converges to� andfxtg is asymptotically stationary. Iffxtg is started either with initial
distribution� or in the infinite past, thenfxtg is strictly stationary. Clearly, the same holds
for the associated processyt.

Recall from the results on AR-NNs and on ARMAs that the non-linear part and the feed-
back term have no influence on the stability ofy t. Thus, it is not surprising that the follow-
ing result holds.

Proposition 3. Suppose the Markov chain fxtg of the ARMA-NN(1; 1) process satisfies the
conditions of Proposition 2 and Ej"tj < 1. Then, a sufficient condition for the geometric
ergodicity of the Markov chain fxtg is that j 1j < 1.

It should be noted that Proposition 3 states sufficient conditions for the ergodicity. For
example, if 1 = 1, then the long term behaviour of the ARMA-NN process is essentially
determined by the “state-dependent intercept”, i.e., the non-linear part and the intercept
of the process: driftless processes exhibit random walk behaviour; a drift towards+1 or
�1 results in a transient process; a state dependent drift towards the “centre” of the state
space gives an ergodic and asymptotically stationary solution (see [4] for an analysis in the
context of AR-NNs).

4 Discussion and Conclusions

In this note we have studied several classical concepts from Markov chain theory, control
theory, and non-linear time series analysis in the context of the ARMA-NN(1; 1) process.

We have discussed the fundamental property of irreducibility for the ARMA-NN and its
close relationship to the concept of forward accessibility of the corresponding control sys-
tem. We have shown that in contrast to the pure autoregressive process simple ARMA-NN
exist which are not forward accessible. It turns out that these processes can exhibit trouble-
some properties for the statistical analysis, e.g., asymptotic stationarity but not ergodicity.
The implications are quite dramatic: for example, in general it is not possible to recover
the DGP from the observed data.

Furthermore, we have proved that controllability of the linear part of the ARMA-NN con-
trol system implies forward accessibility. Although this condition is only sufficient but
not necessary, it is a natural condition: it is not necessary to further restrict the non-linear
part of the ARMA-NN; the two dimensional system has the wholeR

2 as state space and
not only some open subset of it. If the support of the distribution of the noise process is
sufficiently large, then the associated Markov chain is also irreducible.

Concerning the irreducible ARMA-NN, our results show that essentially the shortcut
weight corresponding to the autoregressive part determines whether the overall process



is ergodic and stationary. Hence, the standard condition from linear time series analysis
can be used. Ergodicity of the ARMA-NN process has wide ranging consequences for
statistics. For example, it implies that the stationary ARMA-NN is also strong mixing with
mixing coefficients vanishing exponentially fast. It also implies that an integrated (in the
sense of classical time series analysis) standardized ARMA-NN process “converges” to a
Wiener process. It can also be shown that — under suitable regularity conditions — it is
possible to consistently estimate the weights of the ARMA-NN model from a realization
(path) of the ARMA-NN process. See [4] for a rigorous analysis of these connections in
the context of AR-NNs.

For practical applications where the ARMA-NN model is estimated from an observed time
series this study provides several useful results: In the ideal situation, where the data is in
fact generated by the irreducible ARMA-NN process, the estimated weights are not too far
from the true weights (consistency). The estimated weights can be used to draw indirect
conclusions about the statistical nature of the observed data: If the estimated sum of the
shortcut weights is sufficiently different from zero, then the DGP is not likely to come from
an irreducible model. If the estimated shortcut weight corresponding to the autoregressive
part is in absolute value less than one, then the DGP is also ergodic and stationary. On the
other hand, if one of these conditions is violated, then the model is likely to be misspecified
and the estimation results should be interpreted with greatest care.

The reported research is currently extended towards the general and possibly multivariate
ARMA-NN(p; q) process. The ARMA-NN(p; q) class is considerably more complex than
the ARMA-NN(1; 1). But it seems that under conditions similar to the ARMA-NN(1; 1)
case, results for the general process will be obtained.
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Appendix: Mathematical Proofs

Proof of Proposition 1. We first state a useful Lemma. Related Lemmas are Lemma 2.5–2.7 in [6].

Lemma 1. If Assumption 1 holds, then for any positive integer k and any scalars �0, �i, �i, and
�i 6= 0 (i = 1; : : : ; k), the condition

�0 +

kX
i=1

�iG
0(�ix+ �i) = 0; 8x 2 R (9)

implies that �0 = 0.

Proof of Lemma 1. Considering the limesx!1 of (9) yields the result.

To continue we use Proposition 7.1.4 from [5]. The generalized controllability matrix isC2x0 =�
c 1
0 1

�
, wherec =  1 +  2 +

Pq

i=1
�i(�i;1 + �i;2)G

0((�i;1 + �i;2)"1 + �i;1ŷ1 + �i). Because

the non-singularity ofC2

x0
is equivalent withc 6= 0, it is sufficient to show that for all̂y1, there exists

"1 2 O, such thatc 6= 0. SetO � R and choose anŷy1.

Then, Assumption 2 implies thatc 6= 0 for at least one"1 2 O (Lemma 1).

Proof of Proposition 2. We use Proposition 7.2.5 and Theorem 7.2.6 from [5].

We show thatx� = (0; 0) is a globally attracting state in the sense of [5] for the control system
(3). The second component ofxt can trivially reach the point0 in one step irrespective of the



starting point. The iterated (from timet = 0 to t = 2) first component can be written asy2 =
: : :+ ( 1 +  2)"1 + g(: : :+ "1; "1; �; �), where all terms which are functions of the starting point
or the second component are omitted. Now, the first component can reach0 in two steps irrespective
of the second component and the starting point, because 1 +  2 6= 0 and g(�) is bounded and
continuous. By the same argumentation every state inR

2 can be reached in two steps, the state space
is connected, and, hence, the Markov chain is also aperiodic ([5], Proposition 7.3.4).

Proof of Proposition 3. Geometric ergodicity can be proved using the drift criterion of [5], Theorem
15.0.1. The proof follows identically to [4], Theorem 1, because the absolute value of the largest
eigenvalue of	 is less than one.
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