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Abstract

The search for deterministic chaos in economic and �nancial time series has

attracted much interest over the past decade. However, clear evidence of chaotic

structures is usually prevented by large random components in the time series. In

the �rst part of this paper we show that even if a sophisticated algorithm estimating

and testing the positivity of the largest Lyapunov exponent is applied to time se-

ries generated by a stochastic dynamical system or a return series of a stock index,

the results are di�cult to interpret. We conclude that the notion of sensitive de-

pendence on initial conditions as it has been developed for deterministic dynamics,

can hardly be transfered into a stochastic context. Therefore, in the second part

of the paper our starting point for measuring dependencies for stochastic dynamics

is a distributional characterization of the dynamics, e.g. by heteroskedastic models

for economic and �nancial time series. We adopt a sensitivity measure proposed

in the literature which is an information-theoretic measure of the distance between

probability density functions. This sensitivity measure is well de�ned for stochastic

dynamics, and it can be calculated analytically for the classes of stochastic dynamics

with conditional normal distributions of constant and state-dependent variance. In

particular, heteroskedastic return series models such as ARCH and GARCH models

are investigated.
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1 Introduction

The enormous interest in deterministic chaotic systems stems from two opposite charac-
teristics of these dynamical systems: First, they are unpredictable on the long term. Any
measurement error in the initial conditions grows exponentially in time. This sensitive
dependence on initial conditions is usually quanti�ed by a positive Lyapunov exponent
[18, 37] which is just the exponential growth rate of errors1. An equivalent, information
theory based characterization of dynamical systems is based on the Kolmogorov-Sinai en-
tropy [31, 47] which can be interpreted as the amount of uncertainty in predictions about
the state2 of the system one time step ahead3. Secondly, if the dynamics of a system,
which has been considered stochastic thus far, is shown to be chaotic but deterministic,
short-term predictions may be possible. This means that a time series which looks random
at �rst glance, may in fact be predictable on short time scales.

There has been an intensive debate in the literature whether economic and �nancial
time series exhibit low-dimensional chaos or not (see, e.g., [29] for a review). An applica-
tion of basic concepts of chaos theory to capital markets and economics can be found, for
instance, in [15, 21, 28, 39]. Nowadays most specialists in the �eld would probably say
that there is no conclusive evidence of chaos in �nancial data. The detection of chaotic
structures in �nancial data is usually complicated by the large noise component inherent
in the underlying dynamical system. A test to detect non-linear departures from random
walk behaviour is described in [43]. One approach to test a time series for chaos is based
on entropy and dimension estimates on the raw series and on the residual series of a lin-
ear model in combination with the BDS test (Brock, Dechert, and Scheinkman) [4, 5, 6].
Another approach is to estimate the largest Lyapunov exponent and to test for positivity
empirically4 as in the �rst part of this paper.

Lyapunov exponents are global quantities, i.e., they are average values over the whole
attractor. Therefore they do not provide information about the local rate of divergence of
initially nearby trajectories which can even be negative, i.e., the distance between trajec-
tories may decrease in certain areas of the attractor. In terms of prediction, there are thus
areas where reliable short-term forecasts are possible and areas where they are impossible
due to the exponential growth rate of errors. This phenomenon of locally changing diver-
gence rates has been termed e�ective Lyapunov exponents [26], local Lyapunov exponents
[17, 53] and predictability portraits [16] in the literature.

The interpretation of local and global Lyapunov exponents, however, gets di�cult for
stochastic systems - both at the theoretical and at the practical level. The determinis-
tic and stochastic (random) components of a dynamical system can interact in a very
complicated manner which makes a reasonable de�nition of sensitive dependence on ini-
tial conditions di�cult [36]. This type of noise is called dynamical noise in contrast to

1Of course, measurement errors can grow exponentially only for �nite time due to the �nite size of
attractors. This boundedness of trajectories is, besides their sensitive dependence on initial conditions,
central to the de�nition of deterministic chaos.

2The state of the system is the position on the attractor, the coordinates of the quantity de�ning the
dynamical system, or loosely speaking, the value of the observed time series.

3This concept can be generalized to multi-step predictions [11, 44] and to stochastic systems [12].
4An asymptotic distribution theory for Lyapunov exponent estimates is still missing.
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measurement noise which does not inuence the dynamics of a system5. The term noisy

chaos, which can be found in literature to denote chaotic systems disturbed by dynamical
noise, is problematic: In principle, the standard assumption of gaussian noise permits
stochastic components of in�nite size for any (positive) variance. A deterministic chaotic
system having a stable attractor can thus easily become unstable if it is disturbed by
stochastic components with noise distributions having in�nite support6 [7].

The reasons for studying stochastic dynamical systems with dynamical noise are as
diverse as the following ones: An attractor may admit in�nitely many invariant measures.
The physically relevant measure should be close to the invariant measure of the corre-
sponding dynamical system with small dynamical noise7 [18]. Or, even if a dynamical
system, which we want to model, is deterministic, it is not conceivable that the system is
contained in our particular class of models. Thus, a perhaps more robust approach is to
model the observed data by a non-linear dynamical system disturbed by dynamical noise
[7]. Finally, in economics and �nance one is often confronted with dynamical systems the
observed trajectories of which (e.g. stock indices) show negligible correlations in the con-
ditional mean, which corresponds to the deterministic component, but a rich structure
in the conditional variance, which characterizes the stochastic component. In fact, for
these systems one is particularly interested in the properties of the stochastic component,
i.e. the dynamics of the conditional variance. In time series analysis the time dependence
of conditional variances is referred to as heteroskedasticity. Especially in �nance, the
literature on heteroskedastic time series models is enormous (see, e.g., [3] for a review).

Although the concept of Lyapunov exponents is de�ned only for deterministic systems,
algorithms for the estimation of all or at least the largest Lyapunov exponent [19, 23,
30, 41, 52] have been applied to time series generated and observed under substantial
inuence of noise. For stochastic dynamical systems however, a naive application of these
algorithms can give spurious positive exponents [49]. For instance, D�ammig and Mitschke
[9] report that for a time series which is white noise, the algorithm proposed in [52]
may produce any positive value for the Lyapunov exponent, depending on computational
parameters. Some of these algorithms have also been applied to �nancial time series
such as returns of stock and stock indices and exchange rates [10, 20, 21]. The empirical
results of these studies are similar in the sense that the estimated Lyapunov exponents are
only slightly positive. One possible explanation is that the underlying process has a unit
root8 [10]. Another way to interpret small but positive Lyapunov exponents is to assume
the existence of an underlying high-dimensional, chaotic system which generates random
similar behaviour due to its hidden dimensionality [21]. Yet another reason for exponents
close to zero could simply be numerical artefacts as a consequence of inappropriately
chosen parameters in the estimation algorithm.

In the �rst part of this paper we investigate a framework introduced in [24] in which

5In the presence of measurement noise, one can always try to reveal the underlying deterministic
system by applying methods for noise reduction (see, e.g., [32] for a survey of common methods).

6Under the assumption of gaussian noise, even simple non-linear systems such as polynomial autore-
gressive processes of degree higher than one are transient, i.e., any trajectory almost surely explodes to
in�nity [7].

7In computer experiments, roundo� errors play the role of small dynamical noise.
8Loosely speaking, a unit root means that the time series should be di�erenced in order to obtain a

more stationary series.
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the largest Lyapunov exponent of a time series generated by a dynamical system can be
estimated and tested for positivity in a statistical sense. In contrast to the algorithms
mentioned above, the method is based on the calculation of the empirical distribution of
Lyapunov exponents by using a bootstrapping technique. Therefore it may be assumed
that this method provides a much more reliable tool to analyze deterministic and stochas-
tic dynamical systems. In particular, the well known logistic map for a chaotic parameter
value without noise, for a periodic and a chaotic parameter value with and without noise
and a return series of the Austrian stock market index ATX are investigated.

The results of the empirical analysis lead us in the second part of the paper to a
concept of (sensitive) dependence on initial conditions which is well de�ned for stochastic
dynamical systems. We adopt the idea of Yao and Tong [54] to describe the interaction
between the deterministic and stochastic components by an information-theoretic measure
of the distance between probability density functions. This sensitivity measure is a natural
extension of the concept of Lyapunov exponents, which is based on the distance between
trajectories. In contrast to the concept of Lyapunov exponents, this sensitivity measure
is local, i.e. state-dependent. As an extension of [54], we derive analytical expressions for
the sensitivity measure for stochastic dynamics with constant or state-dependent variance
which include the dynamics of many models applied in non-linear time series analysis.
Among them are homo- and heteroskedastic models such as autoregressive (AR) models,
autoregressive conditional heteroskedastic (ARCH) models [22] and generalized ARCH
(GARCH) models [2].

In Section 2 the statistical framework for estimating the largest Lyapunov exponent
of a dynamical system and testing its positivity is described and applied to deterministic
and stochastic dynamics. Section 3 gives the de�nition of the sensitivity measure for
stochastic dynamics. In Section 4 analytical expressions for this measure are derived for
di�erent types of stochastic dynamics. In Section 5 the sensitivity measure is applied to
various models of asset return series. Section 6 concludes.

2 Reliable estimation of Lyapunov exponents?

In this section we recall a method which estimates the empirical distribution of the Lya-
punov exponents of a dynamical system [24]. Our numerical experiments show that the
method yields reliable results for a deterministic chaotic system and for a chaotic system
with small dynamical noise. For a periodic system with dynamical noise of the same
size it also indicates a positive Lyapunov exponent. For a real-world dynamical system,
namely the Austrian stock market index ATX, no meaningful results are obtained.

2.1 Statistical testing for positive exponents

In general, the dynamics of an n-dimensional dynamical system

Xt+1 = f(Xt) (1)

is not accessible to an observer of this system who usually records a single one-dimensional
time series of �nite size N: fxtg = (x1; : : : ; xN). The common method to reconstruct the
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real dynamics from the time series fxtg is to embed the time series into an m-dimensional
embedding space [38]:

xmt = (xt�m+1; : : : ; xt); t = m; : : : ;N: (2)

The theoretical foundations for this technique can be found in [35, 42, 50]. The evolution
of the dynamical system may therefore be formulated as

~f :

0
BBBB@

xt�m+1
...

xt�1
xt

1
CCCCA �!

0
BBBB@

xt�m+2
...
xt

g(xmt )

1
CCCCA (3)

where g is an unknown map which must be estimated. In this paper we estimate g by
two-layered feedforward neural networks9. The mapping of the networks is given by

x̂t+1 = g(xmt ) (4)

=
HX
i=1

vi tanh

0
@ mX
j=1

wijxt�j+1 + ci

1
A + b (5)

where H denotes the number of hidden units, vi (wij) the components of the weight vector
(matrix) of the second (�rst) layer, b the bias of the second layer, and ci the components of
the bias vector of the �rst layer. The �rst layer is non-linear due to the sigmoid activation
function in the hidden units whereas the second layer is linear (with the identity as the
activation function). In principle, networks of this type can approximate any smooth,
non-linear function to arbitrary accuracy as the number of hidden units goes to in�nity
[27]. Throughout this paper the neural networks are trained by minimizing the mean
squared error function

MSE =
1

N �m

N�1X
t=m

(xt+1 � x̂t+1)
2 (6)

where xt+1 is the target value to the m-dimensional input vector xmt . After training a
neural network on an embedded time series the Lyapunov exponents of the dynamical
system de�ned by Eq. (3) can be estimated. By linearizing the function ~f we get

�xmN+1 =
NY

i=m

(D ~f )i�x
m
m (7)

where the matrices (D ~f )i; i = m; : : : ;N , are given by

(D ~f )i =

0
BBBBBBB@

0 1 0 � � � 0 0
0 0 1 � � � 0 0
...
0 0 0 � � � 0 1

hi;m hi;m�1 hi;m�2 � � � hi;2 hi;1

1
CCCCCCCA

(8)

9Similar approaches to calculate the largest Lyapunov exponent and the whole spectrum of Lyapunov
exponents are described in [23] and [36], respectively.
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The partial derivatives hi;j =
@g

@xt�j+1
(xmi ) can be calculated analytically from the neural

network. A similar approach is described in [14]. The application of a sequence of QR
decompositions [40] to the matrix product in Eq. (7) then yields the spectrum of Lyapunov
exponents as the average value of the logarithm of the diagonal elements of the upper
triangular matrices R (see [19] for details).

In the rest of this section we will concentrate on the estimation of the largest Lyapunov
exponent �. It should be clear that the procedure described above bears several pitfalls
which may have dramatic e�ects on the obtained results. The length of the recorded
time series, the random initialization of the neural networks and local minima of the
error function may all inuence the estimation of �. It is therefore much more reliable to
estimate con�dence intervals for the largest Lyapunov exponent [24], e.g. by extending the
bootstrapping technique to stationary sequences of time series [34]. As described in [24], the
resampling is done with replacement from the set of embedded vectors fxmt : t = m; : : : ;Ng
with each vector xmt equally likely to be drawn. For each resampled set of embedded
vectors Si10 a feedforward network is trained11, and the largest Lyapunov exponent �i is
estimated. Finally, the true exponent � can be estimated with con�dence intervals from
the empirical distribution of �i.

2.2 Experimental results

In all numerical experiments feedforward networks with m inputs, where m denotes the
embedding dimension, �ve hidden units and one output unit as speci�ed in Eq. (5) are
used. For each dynamical system, 100 sets Si of embedded vectors are generated by
resampling with replacement, and one network is trained on each set. The true largest
Lyapunov exponent � is estimated as the mean value of the resulting values �1; : : : ; �100
which is denoted ��. An empirical 90% con�dence interval for �� is obtained by selecting
the sixth smallest and the sixth largest �i.

The �rst example is the well known logistic map

xt+1 = rxt(1� xt) (9)

for the parameter value r = 4:0 which almost surely gives rise to a chaotic time series for
a random starting point in the unit interval12. We generated a time series of length 1000
and applied the method described in the previous subsection for embedding dimensions
m = 1; 5; 10; 15. The results are summarized in Table 1. For all embedding dimensions,
the estimated mean value �� is close to the true Lyapunov exponent � = 1:0 which is
contained in the corresponding con�dence intervals. Fig. 1 is a plot of �� (with con�dence
intervals) as a function of m. We see that the algorithm yields reliable results for this
deterministic chaotic system even if the embedding dimension is much larger than the
true dimension of the system (m = 1).

The next experiment deals with dynamical systems disturbed by dynamical noise.
We choose two logistic maps with very similar parameter values: For r = 3:56, the

10Our algorithm di�ers from [24] in that the resampled sets are of the same size as the set of embedded
vectors of the time series.

11For each resampled set the training starts with a di�erent random initialization.
12The set of points leading to a periodic cycle has to be excluded.
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Dynamics Parameter � m Mean Std. Conf. Interval
logistic map r = 4:0 1.0 1 0.980 0.047 [0.914,1.069]

5 0.975 0.041 [0.894,1.042]
10 0.981 0.041 [0.897,1.040]
15 0.972 0.037 [0.921,1.035]

logistic map r = 3:56 (-0.111) 1 0.247 0.052 [0.148,0.322]
(�2 = 0:001) r = 3:59 (0.207) 1 0.210 0.053 [0.133,0.293]

ATX 1 -1.397 0.138 [-1.682,-1.206]
5 -0.340 0.076 [-0.465,-0.196]
10 -0.078 0.058 [-0.157,0.024]
15 -0.006 0.045 [-0.063,0.068]

shu�ed ATX 1 -5.117 1.259 [-7.531,-3.155]
5 -0.296 0.111 [-0.488,-0.135]
10 0.053 0.058 [-0.021,0.166]
15 0.127 0.037 [0.065,0.202]

Table 1: Statistics for estimations of the largest Lyapunov exponent of di�erent dynamical
systems. All exponents are measured in bits. See text for detailed explanations.
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Figure 1: The estimated Lyapunov exponent �� with 90% con�dence interval for di�erent
embeddings of the logistic map with r = 4:0. The dotted line which corresponds to a
Lyapunov exponent equal to zero, marks the border between non-chaotic (below) and
chaotic (above) behaviour.
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deterministic (undisturbed) system de�ned by Eq. (9) converges, after a transient phase,
to a sequence of points with period eight. The Lyapunov exponent � is equal to �0:111.
For r = 3:59, the logistic map is chaotic with � = 0:207. Both systems are disturbed by
dynamical noise of constant variance �2 = 0:001:

xt+1 = f(xt) + et; (10)

et � N(0;�2); (11)

where f(xt) is given by the term on the right-hand side of Eq. (9) and N(0;�2) denotes
the probability distribution of a zero mean gaussian random variable of variance �2. The
deterministic and stochastic systems are depicted in Fig. 2. The stochastic systems look,
of course, very similar. From the clouds of points it is very hard to determine in which
case the skeleton (the deterministic part) is periodic and in which case it is chaotic. The
estimated Lyapunov exponents and con�dence intervals (see Table 1) are also very simi-
lar. In other words, the algorithm estimates the Lyapunov exponent very reliably for the
disturbed chaotic system, but it also returns a positive value for the disturbed periodic
system. A similar phenomenon has also been reported in [48] where the corresponding
dynamical system, with a skeleton of period two, is termed stochastically chaotic. We
partly agree with this notion because the estimated Lyapunov exponent of the disturbed
system is positive. In other words, the system shows the same behaviour as a chaotic sys-
tem with dynamical noise. For very large noise levels �2 however, any dynamical system,
even a deterministic chaotic one, would behave like a purely stochastic system no matter
what the skeleton is [55]. In this sense, it is in our opinion a mainly philosophical question
whether one should divide stochastic dynamical systems into stochastically chaotic and
stochastically non-chaotic ones.

Yet we applied the algorithm to a real-world, stochastic dynamical system, namely the
time series of daily closing values of the Austrian stock market index ATX from January 7,
1986 until June 14, 1996. The 2575 values xt were preprocessed using the transformation
rt = 100 log xt+1=xt. The resulting time series of continuously compounded returns rt
is depicted at the top of Fig. 3. One of the characteristics of time series of returns is
volatility clustering, i.e., large shocks (deviations from the mean) of either sign tend to
be followed by a large shock of either sign. Several of these volatility clusters are clearly
visible in Fig. 3.

First, we estimate the largest Lyapunov exponent (with con�dence intervals) for the
ATX data set for embedding dimensions m = 1; 5; 10; 15. The results are summarized in
Table 1 and depicted on the left-hand side of Fig. 4. The estimated exponent increases
with the embedding dimension while the width of the con�dence interval decreases. For
embedding dimensions m = 10 and m = 15, the con�dence intervals also include positive
values. All together, the plot on the left-hand side of Fig. 4 gives the impression that
the Lyapunov exponent estimate converges to some value around zero. In order to check
whether this empirical result is meaningful or not, the whole procedure is repeated for
a surrogate data set [13, 51]. We generate a new time series of the same length by
shu�ing the values of the original ATX time series. Thereby, the mean, the variance
and all higher-order moments of the empirical distribution of the original time series are
preserved whereas all temporal correlations are destroyed. The new time series, which
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Figure 2: (Upper left-hand side) 1000 points of the deterministic logistic map with pa-
rameter r = 3:56 (period eight). (Lower left-hand side) The same map with dynamical
noise. (Upper right-hand side) 1000 points of the deterministic logistic map with r = 3:59
(chaotic). (Lower right-hand side) The same map with dynamical noise.
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Figure 3: (Top) The returns of the Austrian stock market index ATX from January 7,
1986 until June 14, 1996. (Bottom) The same time series after shu�ing.
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Figure 4: (Left-hand side) The estimated Lyapunov exponent �� with 90% con�dence
interval for the ATX data set for di�erent embedding dimensions. The dotted line rep-
resents a Lyapunov exponent equal to zero. (Right-hand side) The results of the same
calculations for the shu�ed time series.

can be regarded as the realization of a random process, is depicted at the bottom of Fig.
3. The largest positive return, for instance, which is at t � 1000 in the original time
series, is now close to the end of the time series. On the right-hand side of Fig. 4 the
estimated Lyapunov exponent �� with 90% con�dence interval is plotted as a function
of the embedding dimension m. Again, �� increases with increasing m. For m = 10
and m = 15, �� is positive (see also Table 1). For m = 15, 0 is not even included in
the con�dence interval. In other words, the method indicates a signi�cantly positive
Lyapunov exponent for the surrogate time series for embedding dimension 15. Therefore,
even this sophisticated method, which tries to approximate the distribution of Lyapunov
exponents by using a bootstrapping technique, can produce misleading results for time
series observed from stochastic dynamical systems.

3 A local sensitivity measure

When applying the algorithm of the previous section (or any of the algorithms mentioned
in Section 1) to dynamical systems with a dominating stochastic component, the rather
problematic interpretation of results stems from the fact that the de�nition of Lyapunov
exponents is a de�nition for deterministic systems. Consequently, the idea of measuring
the divergence (or convergence) of two initially nearby trajectories can hardly be trans-
fered to stochastic dynamical systems. Following [54] however, studying the distance
between the probability density functions (pdfs) of the state conditioned on two nearby
initial conditions is a well de�ned extension of the concept of Lyapunov exponents to the
stochastic case.

In information theory the most important measure of the distance between two pdfs
p(x) and q(x) is the relative entropy or the Kullback Leibler (KL) distance D(pkq) [8, 33]
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which is de�ned by

D(pkq) =
Z
p(x) log

p(x)

q(x)
dx: (12)

The KL distance is always non-negative and equal to zero if and only if p(x) = q(x) almost
everywhere. However, it is not symmetric in p and q which is not desirable for a measure
of distance. The symmetry is easily obtained by addition of the KL distance between q
and p:

K(pkq) = D(pkq) +D(qkp) =
Z
(p(x)� q(x)) log

p(x)

q(x)
dx; (13)

which we call symmetric KL distance. This measure can now be used to investigate
stochastic dynamical systems as de�ned by Eq. (10) where, in general, et may denote any
zero mean random variable. The stochastic component (11) is thus only a special case.
An equivalent de�nition of a stochastic dynamical system may be given in terms of the
pdf of the next state xt+1 conditioned on the present state xt which is denoted �(xt+1jxt).
The symmetric KL distance of the pdfs conditioned on two nearby initial conditions xt
and xt + � is consequently given by

K(xt; �) =
Z
f�(xt+1jxt + �)� �(xt+1jxt)g

logf�(xt+1jxt + �)=�(xt+1jxt)gdxt+1: (14)

For small �, K(xt; �) has the approximation [33]

K(xt; �) � I(xt)�
2 (15)

with

I(xt) =
Z 1

�(xt+1jxt)

 
d�(xt+1jxt)

dxt

!2

dxt+1: (16)

I(xt) is thus a measure of the sensitive dependence of the pdf of xt+1 on the initial con-
dition xt: The larger I(xt), the more sensitively the pdf depends on the initial condition.
If we treat xt as a parameter of the pdf, I(xt) is the so-called Fisher information13 on
xt contained in xt+1. We want to reemphasize that for stochastic dynamics, it is more
natural to measure the distance between pdfs conditioned on nearby initial values than
to measure the distance between initially nearby trajectories, which are just realizations
of random variables.

Before we calculate the measure I(xt) explicitly for di�erent dynamics, we remark
that it can be generalized in at least two directions. First, one may consider pdfs of
states not only one but s steps ahead14, i.e. �(xt+sjxt). Due to the accumulation of noise
through the time evolution, one may expect that for large s the state of the system does
not really depend on the initial conditions. The corresponding measure will be denoted
Is(xt). Secondly, the state of the dynamical system might depend not only on the present

13The Fisher information is a measure of the minimumerror in estimating a parameter of a distribution
[8].

14In this situation the look-ahead is equal to s.
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state but also on past states. In this case Eq. (10), which describes the evolution of the
system, has to be replaced by

xt+1 = f(xt; xt�1; : : : ; xt�m+1) + et; (17)

where m is called the order of the stochastic process. The corresponding conditional pdf
�(xt+1jxt; : : : ; xt�m+1) is abbreviated �(xt+1j�xt). In order to derive the sensitivity measure
in the general case m > 1, we must replace xt by �xt in Eq. (14), and think of � as a vector
of small disturbances. The approximation (15) now reads

K(�xt; �) � �TI(�xt)� (18)

with the Fisher information matrix

I(�xt) =
Z 1

�(xt+1j�xt)
@�(xt+1j�xt)

@�xt

 
@�(xt+1j�xt)

@�xt

!T

dxt+1 (19)

where

@�(xt+1j�xt)
@�xt

=

0
BBB@

@�(xt+1j�xt)
@xt
...

@�(xt+1j�xt)
@xt�m+1

1
CCCA : (20)

I(�xt) is now a measure of the information on (xt�m+1; : : : ; xt) contained in xt+1.

4 Analysis of stochastic dynamics

The �rst type of stochastic dynamics which we investigate, is de�ned by Eqs. (10) and
(11) with arbitrary deterministic f . In this case the variance �2 of the gaussian dynamical
noise does not depend on the state xt of the system15, or equivalently, the conditional pdf
of the next state is given by

�(xt+1jxt) = 1p
2��2

exp

 
�(xt+1 � f(xt))2

2�2

!
: (21)

Inserting �(xt+1jxt) into de�nition (16) and some straightforward calculations lead to

I1(xt) =
1

�2

 
df(xt)

dxt

!2

: (22)

This measure of sensitive dependence on initial conditions naturally includes the derivative
of f(xt) with respect to the state xt (as the de�nition of the Lyapunov exponent for one-
dimensional systems) and the (constant) variance of the noise. For �2 ! 1, I(xt) ! 0
which is reasonable since in the limit of in�nite disturbances, the state of the system
does not depend on the previous state. For �nite �2, I(xt) is a monotonously increasing

15Time series obtained from systems of this type are called homoskedastic.
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Figure 5: (Left-hand side) 1000 points of the AR(1) process xt+1 = 0:5xt + et with
et � N(0; 0:001). (Right-hand side) The sensitivity measure Is(xt), s = 1; 2; 3, for this
process.

function of jdf(xt)=dxtj. One of the simplest dynamics matching Eqs. (10) and (11) is the
dynamics of an autoregressive process of �rst order (AR(1) process):

xt+1 = axt + b+ et; (23)

i.e., the next state xt+1 is the sum of a linear function of the present state xt and a random
component et. Stationarity is guaranteed for jaj < 1. In this case, the measure Is(xt)
can be calculated explicitly for all look-aheads s since all conditional pdfs �(xt+sjxt) are
gaussians of constant variance:

Is(xt) =
(1� a2)a2s

�2(1 � a2s)
: (24)

On the left-hand side of Fig. 5 1000 points of an AR(1) process with a = 0:5, b = 0,
and �2 = 0:001 are displayed. On the right-hand side of this �gure Is(xt), s = 1; 2; 3,
is plotted for this process. Due to the linear structure of f(xt), the measures Is(xt) are
constant functions of xt. This means that any current state inuences the conditional pdf
of future states the same way. From Eq. (24), it also follows that Is(xt) tends to zero for
increasing s. In other words, the further we look into the future, the less the future state
depends on the current state due to the accumulation of random components.

As an example of non-linear dynamics, the logistic map with gaussian dynamical
noise (see Eqs. (9) { (11) in Section 2.2), is analyzed. Inserting the dynamics into Eq.
(22) immediately gives the sensitivity measure of the next state:

I1(xt) =
r2(1 � 2xt)2

�2
: (25)

For r = 3:59 and �2 = 0:001 (see the lower right-hand side of Fig. 2), this function is
depicted in Fig. 6. The sensitivity measure is close to zero around xt = 0:5 where the
gradient of the skeleton f(xt) vanishes, and it increases rapidly towards the \edges" of
the data set. In order to calculate Is(xt) for larger look-aheads s, more general dynamics
have to be considered.
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Figure 6: The sensitivity measures I1(xt) and I2(xt) for the logistic map with r = 3:59
disturbed by dynamical noise of variance �2 = 0:001.

An obvious generalization of the stochastic dynamics de�ned by Eqs. (10) and (11)
is to allow the variance of the gaussian dynamical noise to be state-dependent, i.e., to
consider conditional pdfs

�(xt+1jxt) = 1q
2��2t

exp

 
�(xt+1 � f(xt))2

2�2t

!
(26)

with �2t = g(xt) for some deterministic function g. For dynamical systems of this type,
the measure of sensitive dependence on initial conditions can be calculated as

I1(xt) =
1

�2t

 
df(xt)

dxt

!2

+
1

2�4t

 
dg(xt)

dxt

!2

: (27)

The extension with respect to the homoskedastic case in Eq. (22) consists of the state-
dependent variance �2t in the �rst term and the whole second term which includes the
derivative dg(xt)=dxt. Therefore the dependence of the conditional variance on the current
state is also taken into account.

As an example we go back to the logistic map disturbed by gaussian dynamical noise
described above. For s � 2, the conditional pdf �(xt+sjxt) is not gaussian due to the
interaction of deterministic and stochastic components. However, for small noise levels
�2 and small look-aheads s, one can roughly think of a gaussian conditional pdf with
state-dependent variance:

xt+2 = f(xt+1) + et+1 = f(f(xt) + et) + et+1 (28)

and therefore by Taylor expansion

xt+2 � f(f(xt)) + ~et; ~et � N(0;�2(1 + (df(f(xt))=dx)
2)) (29)
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with f(x) = rx(1 � x). Using this approximation, the measure I2(xt) is depicted in
Fig. 6. Obviously, the sensitivity measure is lower for all states xt which is due to the
accumulation of the dynamical noise. Furthermore, the sensitivity measure vanishes at
xt;1 � 0:17 and xt;2 � 0:83 which are characterized by f(xt;1) = f(xt;2) = 0:5. For larger
look-aheads s, Is(xt) decreases more and more and tends to zero (not depicted).

As mentioned in Section 2.2, it is rather pointless to divide stochastic dynamics
into chaotic and non-chaotic ones. In fact, time series sampled from slightly disturbed
(�2 = 0:001) chaotic and non-chaotic systems are indistinguishable. This observation is
reected in the sensitivity measure for the logistic map given by Eq. (25). The shape of
the sensitivity measure is a parabola centered at 0.5 with a quadratic dependence on the
parameter r. Therefore small changes in r will lead to very similar sensitivity measures in
the stochastic case while they may result in very di�erent dynamics (periodic or chaotic)
and Lyapunov exponents (negative or positive) for the deterministic systems.

5 Application to asset return series models

In the last section we analyzed di�erent types of stochastic dynamical systems where the
underlying dynamics were known a priori. We now turn towards real-world dynamical
systems with unknown dynamics, namely �nancial markets. A typical example of \tra-
jectories" observable at the markets are asset price series. Due to their non-stationary
behaviour they are usually transformed into return series as described in Section 2.2.
Since the seminal works of Engle [22] and Bollerslev [2] it has become clear that asset
return series are not white noise but show some structure in the conditional variances. It
is thus interesting to analyze these time series as realizations of dynamical systems with
a dominating stochastic component by means of the sensitivity measure.

Since the true dynamics of the conditional variance or volatility is not known and not
observable at the market, any parametric volatility model such as ARCH and GARCH
models is in fact an assumption concerning the underlying dynamics which is usually based
on empirical �ndings and sometimes also theoretically motivated. In the last decade a
large number of extensions of these standard volatility models has been proposed in the
literature incorporating di�erent concepts (e.g. the leverage e�ect [25]). By pinpointing
the stochastic dynamics via specifying a parametric, heteroskedastic model the shape of
the sensitivity measure is determined as well. In other words, the sensitivity measure is
a measure of (sensitive) dependence with respect to the parametric speci�cation.

In the remainder of this section we �t ARCH and GARCH models to the return series
rt of the Austrian stock market index ATX which is depicted on the left-hand side of Fig.
7. We study the stochastic dynamics of the models by calculating the sensitivity measure
I1(rt). First, we �t the ARCH(1) model [22]

rt+1 � N(b;�2t ); (30)

�2t = �0 + �1(rt � b)2 (31)

with constant conditional mean b to the data set (b = 0:0054, �0 = 0:8301, �1 = 0:5481).
The parameter space for �0 and �1 is restricted by �0 > 0 and �1 � 0. For stationarity,
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Figure 7: The returns of the ATX time series (left-hand side) and the measure I1(rt) of
an ARCH(1) model with constant conditional mean (right-hand side).

it is required that �1 < 1 holds. The unconditional variance of this model is given by
�0=(1 � �1). From Eq. (27), the sensitivity measure I1(rt) can be calculated as

I1(rt) =
2�2

1(rt � b)2

(�0 + �1(rt � b)2)2
; (32)

which is plotted on the right-hand side of Fig. 7. Due to the variance speci�cation, the
sensitivity measure is symmetric around rt = b. It is minimal, i.e. zero, at rt = b, increases

with increasing jrt � bj, has a maximum at rt = b �
q
�0=�1 and tends to zero for large

positive and negative returns. This means that the conditional pdf �(rt+1jrt) is least
sensitive to the current state at rt = b expressing the fact that the conditional variance
speci�ed in Eq. (31) has a (local and global) minimum at rt = b. For other values of
rt, the sensitivity measure I1(rt) is strictly positive, and its shape is determined by the
variance speci�cation16.

In contrast to major stock indices, the ATX return series has a signi�cant autocorrela-
tion at lag 1. Therefore it is reasonable to include an autoregressive term into the ARCH
model speci�ed above which is now given by

rt+1 � N(art + b;�2t ); (33)

�2t = �0 + �1(rt � art�1 � b)2: (34)

The conditional mean is thus modeled by a linear function of the last return rt. The esti-
mated parameter values of this volatility model are a = 0:3393, b = 0:0069,
�0 = 0:7730, and �1 = 0:4798. From Eqs. (33) and (34) we see that rt+1 now depends on
both rt and rt�1. Consequently, the sensitive dependence of the pdf on initial conditions

16It is worth to point out that the two maxima of I(rt) do not have an immediate economic inter-
pretation. They arise from the particular speci�cation of the conditional variance. If one de�ned the
conditional variance, e.g., by �̂

2
t
= exp(�2

t
) with �

2
t
given by Eq. (31), the sensitivity measure would be

I1(rt) = �0+�1(rt� b)2 which is also minimum for rt = b but increases as a quadratic function of rt� b.
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is quanti�ed by an information matrix, which can be calculated from Eq. (19):

I1(rt; rt�1) =
1

�0 + �1(rt � art�1 � b)2

 
a2 0
0 0

!

+
2a21(rt � art�1 � b)2

(�0 + �1(rt � art�1 � b)2)2

 
1 �a

�a a2

!
: (35)

Following Eq. (18), an \error" � in the initial condition (rt; rt�1) \evolves" after one step
into �TI1(rt; rt�1)�. It is thus tempting to analyse the dependence of the eigenvalues of
I1(rt; rt�1) on the \parameters" rt and rt�1. The results for the ARCH(1) model �tted
to the ATX data is depicted in Fig. 8. The larger eigenvalue (solid line) is roughly 50
times larger than the smaller eigenvalue (dashed line). For clearness, both eigenvalues are
plotted as functions of the error rt � art�1 � b. The characteristics of the curves are very
similar to the ones of the curve depicted on the right-hand side of Fig. 7.

ARCH models can typically not capture long-term dependencies in the conditional
variance unless the order of the model is chosen su�ciently high. To overcome this
problem, Bollerslev [2] introduced the family of GARCH models which are characterized
by a recursive speci�cation of the conditional variances. The simplest GARCH model is
the GARCH(1,1) model with constant conditional mean which is given by

rt+1 � N(b;�2t ); (36)

�2t = �0 + �1(rt � b)2 + �1�
2
t�1: (37)

Besides the parameter restrictions of the ARCH(1) model, �1 � 0 and also �1 + �1 < 1
are required for stationarity. The unconditional variance of the model is then given by
�0=(1 � �1 � �1). The parameter values estimated for the ATX return series are
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b = �0:0076, �0 = 0:0404, �1 = 0:3404, and �1 = 0:7169 which corresponds to a non-
stationary model. For stationary models, the conditional variance can be rewritten as

�2t =
�0

1� �1
+ �1

1X
i=0

�i
1(rt�i � b)2 (38)

which expresses the fact that all previous returns inuence the next conditional variance.
The weight of the inuence of previous returns however, diminishes exponentially fast (at
a rate of �1). Since the conditional pdf of this stochastic process depends on all previous
returns, the information matrix is of in�nite size17. Some tedious but straightforward
calculations lead to the result that the element in line i and column j of the information
matrix is given by

Ii;j(rt; rt�1; : : :) =
1

2�4t

@�2t
@rt�i

@�2t
@rt�j

(39)

with
@�2t
@rt�i

= 2�1�
i
1(rt�i � b): (40)

Due to the special structure of this matrix, the eigenspectrum can be calculated ana-
lytically. Standard matrix manipulations lead to the result that all eigenvalues are zero
except one which is given by

� =
2�2

1

�4t

1X
i=0

�2i
1 (rt�i � b)2: (41)

The dependence of this eigenvalue on the previous returns is an in�nite-dimen-sional
generalization of the dependence depicted in Fig. 7: The minimum (0) is obtained for
rt�i = b, i � 0, � is strictly positive elsewhere and it tends to 0 for jrt�ij ! 1. The
sensitivity measure can thus also be calculated for systems depending on all previous
states.

At this point a critical remark is in order: Since the sensitivity measure obtained
for the return series depends on the model speci�cation, one might call for a model-free
characterization of the dependencies in the time series. This can be partially accomplished
by �tting seminonparametric models (see e.g. [45]) to the return series and calculating
the sensitivity measure analytically. This neural-network based approach is more exible
with respect to functional dependencies in the conditional mean and variance. However,
in order to keep the paper concise we did not pursue this approach further. Another
possibility is to apply nonparametric methods such as kernel-based density estimators
[46]. The integral de�nition of the sensitivity measure in Eq. (16) requires then the
application of numerical integration techniques, though.

6 Conclusion

We have shown through numerical experiments that the largest Lyapunov exponent of a
stochastic dynamical system (neglecting the lack of an appropriate de�nition) can hardly

17This holds for all GARCH models.
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be reliably estimated even within a statistical framework using a bootstrapping technique.
As reported in other studies [29], the large noise component in economic and �nancial
data also complicates the application of other methods from dynamical systems theory
considerably. Consequently, the question is raised whether a more natural approach to
characterize stochastic dynamics should not actually be based on a sensitivity measure
which is well-de�ned for stochastic dynamics. We have picked up an information-theoretic
measure of distance between probability density functions which locally measures the de-
pendence of the future state of a dynamical system on the previous states. We have derived
analytical expressions for this sensitivity measure for a variety of stochastic dynamical sys-
tems, among them the frequently hypothesized and analyzed classes of dynamical systems
disturbed by gaussian noise of constant or state-dependent variance.

Examples of particular interest in our study are the stochastic dynamics of asset
return series. Since many of these time series are close to uncorrelated noise with some
structure in the conditional variance, one cannot expect pronounced dependencies to be
detected. For parametric models such as ARCH and GARCH models the shape of the
sensitivity measure (in dependence of the previous states) is dominated by the parametric
speci�cation. This observation may motivate the application of (semi)nonparametric
density estimators.

An important question independent of the degree of parametrization of the return
series model is how the information provided by the sensitivity measure can be interpreted
from an applicative point of view. If we assume, for instance, that the return series is best
described by a GARCH model, which is characterized by its time-dependent conditional
variance, the sensitivity measure should contain information about the predictability of
the volatility of the time series. Since the sensitivity measure is a local measure, the
notion of predictability is also a local one, i.e. in dependence of the current state. At this
stage it is not clear if this information on predictability is relevant for practical purposes.
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