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Abstract

It is shown (Proposition (3.9)) that the asymptotic information bound which is valid for the estima-
tion of a parameter in the structure (mixture) model remains valid in the functional model (incidental
nuisance parameters) if only perturbation symmetric estimators (Definition (3.6)) are admitted. Pertur-
bation symmetry is a property which is closely related to permutation symmetry (Theorem (3.4)). In
particular, equicontinuous functions of empirical processes are perturbation symmetric (Theorem (3.3)).
Thus, the results of this paper continue a discussion initiated by Bickel and Klaassen, [2], Pfanzagl, [14],
and Strasser, [21], on permutation symmetry of estimators and the exclusion of superefficiency in the
functional model.
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1 Preliminaries

Overview

The first section of this paper is devoted to fixing the notation. In section 2 we try to explain the nuisance
parameter problem and the difference between the views of the structure model and the functional model.
Section 3 contains the statement and the discussion of the main results. Since we are not able to prove
the main results without referring to abstract results of asymptotic decision theory, in section 4 we collect
some basic facts which are not new but difficult to quote. Section 5 contains a detailed discussion of the
proof of Proposition (2.5) and of the main result stated in Proposition (3.9). Section 6 contains proofs of
minor theorems and auxiliary lemmas.

Basic Notation

Suppose thatΘ ⊆ R andΛ ⊆ Rp are open parameter sets and let(Pθη : θ ∈ Θ, η ∈ Λ) be a family of
p-measures on a sample space(Ω,A). Assume that the family(Pθη) is dominated by aσ-finite measure
µ|A and denote theµ-densities bypθ(ω, η). In this paper we will apply some regularity conditions for the
family (Pθη) which are explicitly stated in section 5, (5.1), (5.2) and (5.3). In particular, these regularity
conditions imply the existence of partial loglikelihood derivatives of the densities, denoted by

`1θ =
∂

∂θ
log

dPθη
dµ

, `2θ =
∂

∂η
log

dPθη
dµ

.

In the following we will call a family regular if these regularity conditions are satisfied.

Since we will deal with mixture models for the parameterη we consider p-measuresΓ|B(Λ). In this
case the symbolRθΓ|A ⊗ B(Λ) denotes the mixture defined by

RθΓ(A×B) :=
∫
B

Pθη(A) Γ(dη), A ∈ A, B ∈ B(Λ).

The marginal distribution ofRθΓ onA is denoted byR′θΓ := RθΓ|A. If f is anRθΓ-integrable function on
Ω× Λ thenEθΓ(f |A) denotes the conditional expectation off givenA with respect toRθΓ.

We are going to apply the terminology of tangent score functions (influence functions) of probability
measures. IfP |A is any p-measure then a functiong ∈ L2(P ) satisfyingEP (g) = 0 is called a tangent
score function ofP . The set of all tangent score functions ofP is denoted byL∗2(P ). A sequence(Pn) is
tangent toP and has the tangent score functiong ∈ L∗2(P ) with respect toP if√

dPn
dP

= 1 +
1

2
√
n
g + rn and

∫
r2n dP = o

( 1
n

)
.

The symbolN (a, σ2) denotes the normal distribution with meana and varianceσ2.

The goal of the present paper is the proof of local asymptotic information bounds for estimators. For
an easy statement of the main result let us agree upon some terminology.

Let us call a sequence of numbers(θn) ⊆ Θ tangent toθ if θn = θ+ t/
√
n. We need a similar concept

for triangular arrays of parametersη ∈ Λ. Let (ηni) be a triangular array of parameters inΛ. Another array
(τni) is called to be tangent to(ηni) if τni = ηni + ψ(ηni)/

√
n for some functionψ ∈ Cb(Λ).

Our last terminological convention is concerned with loss functions for which asymptotic information
bounds are valid. Let us call a loss functionW : R → [0,∞) admissible ifW is bounded and continuous,
and ifW (x) = `(|x|) where` : [0,∞) → R is increasing and̀ 6≡ sup ` on (0,∞).



2 INTRODUCTION 3

2 Introduction

The problem of estimatingθ in the presence of a nuisance parameterη can be considered in two different
ways.

In the so-called structure model (or mixture model) it is assumed that the values of the nuisance pa-
rameterη are realizations of independent and identically distributed random variables. IfΓ denotes the
distribution of such a random nuisance parameter and ifPθη is the distribution of the observationω then
the mixtureRθΓ is the distribution of the pair(ω, η). The risk of anAn-measurable estimatorκn for
estimatingθ is then the expectation ∫

W
(√

n(κn − θ)
)
dR′nθΓ

whereW is a loss function. From that point of view the nuisance parameter problem is an estimation
problem with independent and identically distributed observations whose distributionR′nθΓ depends onθ
and on the unknown distributionΓ.

A different view is taken by the so-called functional model which is based on a particular sequence
ηn1, ηn2, . . . , ηnn of nuisance parameters (incidental nuisance parameters). Considering the functional
model the risk of anAn-measurable estimatorκn of θ is the expectation∫

W
(√

n(κn − θ)
)
d

n⊗
i=1

Pθηni

whereW again denotes a loss function. Viewed by the functional model the nuisance parameter problem
is an estimation problem with independent but not necessarily identically distributed observations whose
distributions depend on a unknown sequenceηn1, ηn2, . . . , ηnn.

Information Bounds

It is the goal of the present paper to establish local asymptotic information bounds for the functional model.
For the structure model the problem of local asymptotic information bounds is more or less solved. A
textbook presentation of this topic can be found in Pfanzagl and Wefelmeyer, [15], section 14.3, or Bickel,
Klaassen, Ritov and Wellner, [1], section 4.5. For the functional model the information bound problem is
a more complicated question. Recent papers on this topic are Bickel and Klaassen, [2], Pfanzagl, [14], and
Strasser, [21].

There are several ways of stating a theorem on an asymptotic information bound. One way is to consider
classes of estimators such that the superefficiency phenomenon is excluded. Median unbiased estimators
or regular estimators are common examples of such classes. A second way is to state the information
bound as being valid for arbitrary estimators. This requires a statement of the result in the form of a Hájek-
LeCam alternative which is equivalent to an asymptotic admissibility and uniqueness assertion. This kind
of stating an asymptotic information bound is due to LeCam, [6], and Hájek, [5]. This second type of
statement implies both the better known asymptotic minimax results and the results on regular estimators
as special cases. To our knowledge, however, the results concerning median unbiased estimators cannot be
derived from the Hájek-LeCam alternative.

In this paper we prefer to state the information bounds in terms of a Hájek-LeCam alternative. The
interesting case of median unbiased estimators for which our results are valid, too, will be discussed else-
where.
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The Information Bound for the Structure Model

Let us begin with a brief summary of the known results for the structure model.

The main result on local asymptotic information bounds for the structure model is that any asymptoti-
cally efficient estimator sequence has a uniquely determined stochastic expansion of order 1. Let us state
this result a bit more precisely.

We start with a fixed distributionΓ|B(Λ) and assume that allΓ-continuous distributions are admitted
as distributions of the nuisance parameter. That means, we are considering a so-called full mixture model.
Then there exists a uniquely determined tangent score functionh∗θΓ ∈ L∗2(R

′
θΓ) (the so-called efficient

influence function) whose variance

σ2
θ(Γ) :=

∫
h∗2θΓ dR

′
θΓ

provides the optimal information bound.

(2.1) REMARK Let us give some details of the construction. A typical tangent sequence of(R′nθΓ) is gven
by (

R′θ+ 1√
n
,(1+ 1√

n
k)Γ

)n
(2.2)

wherek ∈ L∗2(Γ) is a bounded tangent score function ofΓ. The tangent score function of the sequence
(2.2) is the conditional expectationEθΓ(`1θ + k | A). We choosek∗ ∈ L∗2(Γ) in such a way that the
variance of this score function is minimized ifk = k∗. Our regularity conditions (see section 5) imply that
the minimal variance is positive. Then the optimal score function is

h∗θΓ =
EθΓ(`1θ + k∗ | A)∫

EθΓ(`1θ + k∗ | A)2dR′θΓ
(2.3)

and the minimal variance is

σ2
θ(Γ) =

1∫
EθΓ(`1θ + k∗ | A)2dR′θΓ

. (2.4)

Let us state the result on the information bound as a Hájek-LeCam alternative.

(2.5) PROPOSITIONSuppose that the family (Pθη) is regular and that W is an admissible loss function.
Let Γ|B(Λ) be a probability distribution and let h∗θΓ and σ2

θ(Γ) be defined by (2.3) and (2.4).
Then any sequence (κn) of estimates satisfies one of the following alternatives (1) and (2):

Either
(1) for every sequence (θn), tangent to θ, and every sequence (Γn), tangent to Γ,

lim
n→∞

∫
W

(√
n(κn − θn)

)
dR′nθnΓn

=
∫
W dN (0, σ2

θ(Γ)),

or
(2) there is a sequence (θn), tangent to θ, and a sequence (Γn), tangent to Γ, such that

lim sup
n→∞

∫
W

(√
n(κn − θn)

)
dR′nθnΓn

>

∫
W dN (0, σ2

θ(Γ)).

(3) Assertion (1) is true iff

√
n(κn(ω)− θ) − 1√

n

n∑
i=1

h∗θΓ(ωi)
R′nθΓ−→ 0.

The assertion of Proposition (2.5) is well-known (see Strasser, [19]). However, frequently it is stated in
terms of a local asymptotic minimax property. Our formulation is stronger in that it contains an admissibil-
ity and a uniqueness assertion. For the actual construction of asymptotically efficient estimator sequences
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(κn) the distributionΓ is to be estimated. This can be a difficult problem. For detailed information on the
aspects of construction one should consult Pfanzagl, [13], in particular chapter 8. A particularly simple
case is the following.

(2.6) DEFINITION Let us call a family (Pθη) simple-structured if

pθ(ω, η) = qθ(ω)v(T (ω), θ, η),

and if for every θ ∈ Θ the statistic T is complete for the family (Pθη : η ∈ Λ).

The famous example of Neyman and Scott, [12], is simple-structured. If the family(Pθη) is simple-
structured thenh∗θΓ does not depend onΓ and it is possible to construct asymptotically efficient estimator
sequences by means of the conditional maximum likelihood method. For details confer Pfanzagl, [13],
Remark 7.10.

Information Bounds for the Functional Model

Let us turn to the functional model.

For an experiment withn observations the nuisance parameters are given by a sequenceηn1, ηn2, . . . , ηnn.
Thus, in an asymptotic framework, we have to deal with triangular arrays (TAs)(ηni) of nuisance param-
eters. As a special case we may consider TAs consisting of the first elementsηni = ηi, i = 1, . . . , n of a
given sequence(ηi).

An important technical question is for conditions which are to be imposed on the TAs(ηni) in order to
produce theorems on the functional model. The weakest condition under which the results of the present
paper are valid requires that the TAs essentially live in compact subsets.

(2.7) DEFINITION A TA (ηni) is called tight if for every ε > 0 there is a compact set Kε ⊆ Λ such that

1
n

n∑
i=1

1Kε(ηni) > 1− ε for all n ∈ N.

Tightness is obviously a very weak condition on TAs. A seemingly stronger condition is weak conver-
gence.

(2.8) DEFINITION Let Γ|B(Λ) be a p-measure. A TA (ηni) converges weakly to Γ if

lim
n→∞

1
n

n∑
i=1

f(ηni) =
∫
f dΓ for every f ∈ Cb(Λ).

Weak convergence of a TA is only slightly stronger than tightness. In fact, every tight TA contains
a weakly convergent subarray. For this reason we may develop the asymptotic theory for the functional
model based on weakly convergent TAs. We will see later how these results can then easily be extended to
the case of tight TAs.

Let (ηni) be a TA which is weakly convergent toΓ. Then it is not very difficult to establish asymptotic
information bounds for the estimation ofθ. However, those straightforward information bounds are suffer-
ing the drawback that they only can be achieved by actual estimator sequences(κn) if the TA (ηni) can be
estimated.

(2.9) REMARK Let us give some details. A typical tangent sequence of(
⊗n

i=1 Pθηni) is given by( n⊗
i=1

Pθ+ 1√
n
,ηni+

1√
ni
ψ(ηni)

)
(2.10)
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whereψ ∈ Cb(Λ). The notion of a tangent score function can be carried over from the i.i.d. case to the
case with non i.i.d. observations. This has been done by Strasser, [18]. Applications of this framework are
given in Strasser, [19] and Strasser, [21]. The basic facts of this approach are repeated in the present paper
in section 5. The sequence (2.10) has the tangent score function`1θ+ψ`2θ. We choosēψ ∈ L∗2(Λ) in such
a way that the variance of this score function is minimized forψ = ψ̄. Then the efficient score function for
the estimation ofθ is

h̄θΓ =
`1θ + ψ̄`2θ∫

(`1θ + ψ̄`2θ)2dRθΓ
(2.11)

and the efficient variance is

σ̄2(Γ) =
∫
h̄2
θΓdRθΓ =

1∫
(`1θ + ψ̄`2θ)2dRθΓ

. (2.12)

Typically we have (see 2.4)
σ̄2(Γ) < σ2(Γ).

Although the bound̄σ2(Γ) does only depend onΓ and not on the array(ηni), an efficient estimator sequence
requires some notion of(ηni) since it is characterized by the expansion

√
n(κn(ω)− θ) − 1√

n

n∑
i=1

h̄θΓ(ωi, ηni)
⊗n

i=1 Pθηni−→ 0.

However, in general it is not possible to construct estimator sequences having this expansion for a reason-
able class of TAs. The reason is that the stochastic expansion does not only depend on the limit distribution
Γ but also on the TA(ηni) itself. It is not enough to estimateΓ.

Asymptotically Linear Estimators

The common idea to overcome the difficulties with the functional model is to impose restrictions on the
class of estimator sequences that are admitted to the game. One hopes to find a classK of estimator
sequences for which the information boundσ2

θ(Γ) of the structure model remains valid in the functional
model, too.

There are some technicalities to be discussed in this connection. Leth∗θΓ be the tangent vector which
is optimal for the structure model. For this tangent vector to be used in the functional model it is necessary
that the TA of functions( 1√

n
h∗θΓ(ωi)) satisfies the Lindeberg condition for(

⊗n
i=1 Pθηni

). A sufficient

condition for this to hold for all tight TAs(ηni) is thatη 7→ Eθη(h∗2θΓ) is bounded and continuous, (cf.
section 5, Definitions (5.4) and (5.5) and the subsequent remarks).

A preliminary result is that the information bound for the mixture model is valid for the functional
model if we restrict the class of estimators to asymptotically linear estimator sequences.

(2.13) DEFINITION Let Γ|B(Λ) be a p-measure and assume that the TA (ηni) is tight. An estimator se-
quence (κn) is called asmptotically linear (with respect to (

⊗n
i=1 Pθηni)), if there exists an A-measurable

function h such that η 7→ Pθη(h2) is bounded and continuous, and such that

√
n(κn(ω)− θ) − 1√

n

n∑
i=1

(
h(ωi)− Pθηni

(h)
) ⊗n

i=1 Pθηni−→ 0. (2.14)

The following assertion (2.18) concerning asymptotically linear estimators is not a very sophisticated
one. In fact, it is a special case of a more general result by Bickel and Klaassen, [2], Proposition 1.1.
The reason why we would like to state and prove it is the following. Our main results which are stated
and proved in the following sections require the abstract mathematical framework of asymptotic decision
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theory. But the basic reason why the results are true is the validity of two simple lemmas, stated as Lemma
(2.15) and Lemma (2.16), below. The proofs of our main results in the most general form might obscure
the simplicity of the ideas behind. For the following Theorem (2.18), however, we are able to give a very
simple proof which is based on the Cauchy-Schwarz inequality and where the role of the basic lemmas can
be seen very clearly. Thus, the following theorem and its proof should be viewed as an introduction to the
main results of this paper.

(2.15) LEMMA Suppose that (Pθη) is regular. Then{
EθΓ(k|A) : k ∈ L∗2(Γ)

}
=

{
EθΓ(ψl2θ|A) : ψ ∈ L2(Γ)

}

(2.16) LEMMA Suppose that (Pθη) is regular. Let h ∈ L2(R′θΓ) and let g1, g2 ∈ L2(RθΓ) be such that
Eθη(gi(., η)) = 0 for all η ∈ Λ and i = 1, 2. If EθΓ(g1|A) = EθΓ(g2|A), then∫ (

h− Eθ,.(h)
)
g1 dRθΓ =

∫ (
h− Eθ,.(h)

)
g2 dRθΓ

Lemmas (2.15) and (2.16) are proved in section 6. Let us prepare the assertion of Theorem (2.18) by
some remarks.

(2.17) REMARK We are going to adopt an elementary point of view to asymptotic efficiency. First of
all, any asymptotically linear estimator sequence(κn) is asymptotically normal. Letθn = θ + t√

n
and

τni = ηni + 1√
n
ψ(ηni). In order to determine the limiting normal distribution let us denote

b :=
∫ (

h− Eθ,.(h)
)
`1θ dRθΓ,

c(ψ) :=
∫ (

h− Eθ,.(h)
)
ψ`2θ dRθΓ,

σ2 :=
∫ (

h− Eθ,.(h)
)2

dRθΓ.

Then it follows from the central limit theorem and LeCam’s Third Lemma (Hájek, [4], VI,1.4) that

L
(√

n(κn − θ)
∣∣∣ n⊗
i=1

Pθnτni

)
→ N (tb+ c(ψ), σ2), weakly.

For an admissible loss functionW this implies

lim
n→∞

∫
W

(√
n(κn − θn)

)
d

n⊗
i=1

Pθnτni
=

∫
W

(
t(b− 1) + c(ψ)

)
dN (0, σ2).

Thus, if b 6= 1 or c(ψ) 6= 0 for someψ then we may chooset or ψ in such a way that the asymptotic
risk of our estimator sequence is arbitrarily close tosupW . In this case the estimator sequence cannot be
efficient. Such cases can only be excluded ifb = 1 andc(ψ) = 0 for all ψ. These conditions are equivalent
with (asymptotic) median unbiasedness or with regularity of the estimator sequence.

(2.18) THEOREM Suppose that the family (Pθη) is regular, that the TA (ηni) converges weakly to Γ|B(Λ)
and that η 7→ Eθη(h∗2θΓ) is bounded and continuous. Let W be an admissible loss function.

Then every sequence (κn) of median unbiased asymptotically linear estimators satisfies

lim
n→∞

∫
W

(√
n(κn − θn)

)
d

n⊗
i=1

Pθnτni
≥

∫
W dN (0, σ2

θ(Γ))
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for every sequence (θn), tangent to θ, and every TA (τni), tangent to (ηni). Equality holds iff the expansion
(2.14) of (κn) is based on h = h∗θΓ.

Proof: Let θn = θ+ t√
n

andτni = ηni+ 1√
n
ψ(ηni). Leth be the function which defines the expansion

(2.14) of(κn). By Remark (2.17) median unbiasedness implies∫ (
h− Eθ,.(h)

)
(`1θ + ψ`2θ) dRθΓ = 1 for all ψ. (2.19)

Now, choosek∗ according to equation (2.3). At this point the basic lemmas (2.15) and (2.16) get in on the
act. By Lemma (2.15) there exists a functionψ∗ such that∫ (

h(ω)− Eθ,.(h)
)
EθΓ(`1θ + k∗|A) dRθΓ

=
∫ (

h(ω)− Eθ,.(h)
)
EθΓ(`1θ + ψ∗`2θ|A) dRθΓ.

By Lemma (2.16) we have∫ (
h(ω)− Eθ,.(h)

)
EθΓ(`1θ + ψ∗`2θ|A) dRθΓ

=
∫ (

h(ω)− Eθ,.(h)
)
(`1θ + ψ∗`2θ) dRθΓ = 1

which implies that ∫ (
h(ω)− Eθ,.(h)

)
EθΓ(`1θ + k∗|A) dRθΓ = 1.

Now, the Cauchy-Schwarz inequality gives

σ2 :=
∫ (

h− Eθ,.(h)
)2

dRθΓ ≥
1∫

EθΓ(`1θ + k∗ | A)2dR′θΓ
= σ2

θ(Γ).

This proves the assertion. 2

Although this result might be sufficient for practical purposes a mathematicians mind tries to go beyond.
The general problem is whether the asymptotic information bound for the mixture model remains valid
for the functional model for broader classes than asymptotically linear estimators. Bickel and Klaassen,
[2], prove that this is the case for estimator sequences which are permutation symmetric, asymptotically
normal and regular. In [14], Pfanzagl studies the question whether the assertion can be true for the class
of all permutation symmetric estimator sequences. However, by means of counterexamples he is able to
show that this is not the case. There are examples of even simple-structured (Definition (2.6)) families with
weakly convergent TAs(ηni) and superefficient permutation symmetric estimator sequences.

One way to exclude superefficiency of permutation symmetric estimators could be to impose conditions
on the TAs(ηni). This is done in Strasser, [21]. It can be shown that for TAs of nuisance parameters which
behave like very regular realizations of one-dimensional i.i.d. random variables, the desired assertion is
valid for all permutation symmetric estimators. However, in view of Pfanzagl’s counterexamples there is
no hope to prove it for all weakly convergent TAs.

It is therefore natural to look into a different direction and try to modify the class of permutation
symmetric estimators. This is done in the present paper.
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3 The Main results

Desired Type of Results

We are now in a position to state the type of assertion which is to be proved in this paper. The central point
is a classK of estimators for which the information boundσ2

θ(Γ) of the mixture model remains valid in
the functional model. The definition of the classK of estimator sequences is left open and will be filled
later. So to speak, the following assertion is a frame of a theorem which becomes a theorem whenK is
specified. We choose a fixed array(ηni) and consider the asymptotic risks for all tangent arrays(τni).
The assertion states the Hájek–LeCam alternative concerning asymptotic admissibility and uniqueness.
Asymptotic efficiency with respect to all tangent arrays(τni) is characterized by an asymptotic expansion
under(ηni).

(3.1) ASSERTION Suppose that the family (Pθη) is regular and that W is an admissible loss function.
Assume that the TA (ηni) converges weakly to Γ|B(Λ) and that η 7→ Eθη(h∗2θΓ) is bounded and continuous.

Then every sequence (κn) of estimates in the class K satisfies one of the following alternatives (1) and
(2):
Either
(1) for every sequence (θn), tangent to θ, and every TA (τni), tangent to (ηni),

lim
n→∞

∫
W

(√
n(κn − θn)

)
d

n⊗
i=1

Pθnτni =
∫
W dN (0, σ2

θ(Γ)),

or
(2) there is a sequence (θn), tangent to θ, and a TA (τni), tangent to (ηni), such that

lim sup
n→∞

∫
W

(√
n(κn − θn)

)
d

n⊗
i=1

Pθnτni
>

∫
W dN (0, σ2

θ(Γ)).

(3) Assertion (1) is true iff

√
n(κn(ω)− θ) − 1√

n

n∑
i=1

h∗θΓ(ωi)
⊗n

i=1 Pθηni−→ 0.

An interesting question is whether the convergence of the TA(ηni) can be dispensed with. The goal
is to prove an assertion valid for all tight TAs. In specifying the information bound the role ofΓ should
be taken by the empirical distributionsEn(ηn) of the rowsηn = (ηn1, ηn2, . . . , ηnn) of the TA. However,
since the tangent score functionh∗θΓ depends onΓ such a result can only be obtained under additional
assumptions onh∗θΓ. To be explicit, we need thatΓ 7→ σ2

θ(Γ) is continuous for the weak topology and
η 7→ Eθη(h∗2θΓ) is bounded and continuous for every probability measureΓ|B(Λ). A simple sufficient
condition for this to hold is that the family(Pθη) is simple-structured in the sense of Definition (2.6). Then
h∗θΓ does not depend onΓ and we may writeh∗θ := h∗θΓ.

(3.2) ASSERTIONSuppose that the family (Pθη) is regular and simple-structured and that W is an admis-
sible loss function. Assume that the TA (ηni) is tight and that η 7→ Eθη(h∗2θ ) is bounded and continuous.

Then every sequence (κn) of estimates in the class K satisfies one of the following alternatives (1) and
(2):
Either
(1) for every sequence (θn), tangent to θ, and every TA (τni), tangent to (ηni),

lim
n→∞

( ∫
W

(√
n(κn − θn)

)
d

n⊗
i=1

Pθnτni −
∫
W dN

(
0, σ2

θ(En(τn))
))

= 0,
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or
(2) there is a sequence (θn), tangent to θ, and a TA (τni), tangent to (ηni), such that

lim sup
n→∞

( ∫
W

(√
n(κn − θn)

)
d

n⊗
i=1

Pθnτni −
∫
W dN

(
0, σ2

θ(En(τn))
))

> 0.

(3) Assertion (1) is true iff

√
n(κn(ω)− θ) − 1√

n

n∑
i=1

h∗θ(ωi)
⊗n

i=1 Pθηni−→ 0.

It is easy to show that Assertion (3.1) implies Assertion (3.2) provided that Assertion (3.1) holds for
arbitrary subsequencesN0 ⊆ N, too. In fact, this is the case for the situations considered in this paper.

Thus, we are in a position to state the problem of information bounds for the functional model as
follows: For which classesK of estimator sequences are the Assertions (3.1) and (3.2) valid ?

Functions of the Empirical Process

We know from Theorem (2.18) that the class of all asymptotically linear estimator sequences is a class of
the desired type. Now, we are going to consider a considerably broader class with the same property. This
will be the class of all estimator sequences which are equicontinuous functions of the empirical process.
The reason why this class of estimators works is due to its behaviour under special contiguous sequences
of probability measures which we will call perturbations. As a first step let us define what we call a
perturbation of(Pθη). Simply speaking, perturbations are sequences of p–measures having particularly
simple tangent vectors.

Let θ ∈ Θ be fixed and consider the family(Pθη)η∈Λ. A (bounded and continuous) perturbation of that
family is a sequence of families

Qnη :=
(
1 +

1√
n
g(., η)

)
Pθη, η ∈ Λ, n ∈ N,

whereg is bounded andµ–continuous with respect toη. Let us call the functiong the tangent vector of the
perturbation.

Let Ω = R and letFθη be the distribution function ofPθη. The (centered) empirical process for the
sample sizen is then given by

Znω(x) :=
1√
n

n∑
i=1

(
1(−∞,x](ωi) − Fθηni

(x)
)
, x ∈ R.

The empirical process is a maximal permutation symmetric statistic. It is therefore interesting to begin with
the study of the behaviour of empirical processes under perturbations.

(3.3) THEOREM Assume that η 7→ Fθη is continuous. Let (Qnη) be a perturbation with the tangent vector

g. If the TA (ηni) converges weakly to Γ, then the distributions of the empirical processesL
(
Zn |

⊗n
i=1Qnηni

)
converge weakly to a centered Gaussian process with covariance function

C(x, y) =
∫ (

Fθη(x ∩ y)− Fθη(x)Fθη(y)
)

Γ(dη), (x, y) ∈ R2.

and mean value function

µ(x) =
∫ x

−∞
EθΓ(g | A) dR′θΓ, x ∈ R.
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This theorem is a matter of routine and is proved in section 6.

Theorem (3.3) tells us which kind of perturbations do not influence the asymptotic distribution of the
empirical processes. Obviously, these are exactly the perturbations satisfyingEθΓ(g | A) = 0 R′θΓ–a.e.

The following theorem states that sufficiently regular functions of the empirical process can be used to
define classes of estimator sequences with the desired properties.

(3.4) THEOREM Suppose that (Pθη) is regular and that (ηni) is tight. Let K be the class of estimator
sequences (κn) satisfying

√
n(κn − θ) − φn ◦ Zn

⊗n
i=1 Pθηni−→ 0,

where (φn) is an equicontinuous sequence of functions defined on the path space of the empirical process.
Then assertions (3.1) and (3.2) are valid for K.

We do not prove this theorem formally since it will turn out to be a special case of our main result
on perturbation symmetric estimators (see Corollary (3.8) and Proposition (3.9)). Instead, let us give an
intuitive argument which explains in an informal way why the assertion is valid.

Let (κn) be a sequence of estimators which is equivalent to an equicontinuous sequence of functions
of the empirical process. Then all perturbations with tangentsg satisfyingEθΓ(g | A) = 0 R′θΓ–a.e.
do not influence the limit distribution. Only those components of perturbations which are orthogonal to
such tangentsg are of interest. The orthogonal space of the set of those tangentsg is well–known to us:
From Lemma (2.16) it follows that it is identical to the space of score functions of asymptotically linear
estimators ! Thus, the reduction of estimators considered in Theorem (3.4) is equivalent to the reduction to
asymptotically linear estimators. This is the intrinsic reason why Theorem (3.4) holds.

Perturbation Symmetric Estimators

To be an equicontinuous sequence of functions of the empirical process is a regularity condition but does
not define a property which can be understood from a statistical point of view. Therefore we will isolate
the statistical property which is responsible for the validity of Theorem (3.4). This property will be called
perturbation invariance.

The basic idea of perturbation symmetry is to isolate the asymptotic invariance property of the empirical
process and use it as a defining property for a class of estimator sequences. However, we found it intuitively
more appealing to express perturbation symmetry in terms of probability measures instead of tangent score
functions and without any reference to a limit distributionΓ. This is possible in view of the following
lemma.

(3.5) LEMMA Suppose that the TA (ηni) converges weakly to Γ and that η 7→ Pθη is continuous. Assume
that (Q1

nη) and (Q2
nη) are perturbations of (Pθη) with tangent score functions g1 and g2, respectively. Then∫ ∣∣∣EθΓ(g1 − g2|A)

∣∣∣ dR′θΓ
= lim
n→∞

√
n
www 1
n

n∑
i=1

Q1
nηni

− 1
n

n∑
i=1

Q2
nηni

www

Lemma (3.5) is proved in section 6. Combining this lemma with Theorem (3.3) we see that the dis-
tributions of the empirical processes cannot distinghuish between perturbations having similar average
probabilities. This is the starting point for our definition of perturbation symmetry. For measuring the
distance between p–measures we use the Dudley norm‖.‖D.

(3.6) DEFINITION Let θ ∈ Θ and assume that (ηni) is tight. A sequence (Tn) of statistics is called
(asymptotically) perturbation symmetric (with respect to θ ∈ Θ and (ηni)), if for every ε > 0 there is a
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number δ(ε) > 0 such that

lim sup
n→∞

√
n
www 1
n

n∑
i=1

Q1
nηni

− 1
n

n∑
i=1

Q2
nηni

www < δ(ε)

implies

lim sup
n→∞

wwwL(
Tn

∣∣∣ n⊗
i=1

Q1
nηni

)
− L

(
Tn

∣∣∣ n⊗
i=1

Q2
nηni

)www
D
< ε,

whenever (Q1
nη) and (Q2

nη) are a (bounded and continuous) perturbations of (Pθη).

Roughly speaking, the distributions of perturbation symmetric estimator sequences depend continu-
ously on the average probabilities. We would like to have a closer look at the classKpts of all perturbation
symmetric estimator sequences. One could ask whether asymptotically linear estimators are perturbation
invariant. This is indeed the case since the distributions of asymptotically linear estimator sequences are
even linear functions of the average probabilities.

(3.7) COROLLARY Suppose that (Pθη) is regular and that (ηni) is tight. Then every asymptotically linear
estimator sequence is perturbation symmetric.

What is the relation between permutation symmetry and perturbation symmetry ? Obviously, every
permutation symmetric statistic is a function of the empirical process. But this does not imply that per-
turbation symmetry can be carried from empirical processes to arbitrary permutation symmetric statistics.
What we need is a kind of invariance principle. The following assertion is an immediate consequence of
Theorem (3.3).

(3.8) COROLLARY Suppose that (Pθη) is regular and that (ηni) is tight. Suppose that an estimator sequence
(κn) satisfies

√
n(κn − θ) − φn ◦ Zn

⊗n
i=1 Pθηni−→ 0,

where (φn) is an equicontinuous sequence of functions defined on the path space of the empirical process.
Then (κn) is perturbation symmetric.

Now, let us state our main result.

(3.9) THEOREM Assertions (3.1) and (3.2) are true for the class Kpts of all perturbation symmetric esti-
mator sequences (at θ ∈ Θ).

The proof of Proposition (3.9) is given in section 5.

4 The General Framework

The present paper is going to apply basic results of the abstract asymptotic decision theory. These results
are due to LeCam, [7], and LeCam, [8]. Available textbook presentations are Millar, [11], Strasser, [17],
LeCam, [9], van der Vaart, [22], and LeCam and Yang, [10].

For the complete proof of Propositions (2.5) and (3.9) there are three steps to be performed. In a
first step the decision theoretic structure of the problem is settled for Gaussian shift experiments. The
second step is concerned with the relation between finite sample size situations and limiting Gaussian shift
experiments. For this step we will apply the general tools of asymptotic decision theory. Finally in a third
step we have to apply the abstract results obtained by the first two steps to the particular nuisance parameter
problem considered in this paper.

In this section we are going to give an overview over steps one and two. The third step is discussed in
section 5.
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The Gaussian Shift Case

Let (H,< ., . >) be a Hilbert space and letE = (Ph)h∈H be a Gaussian shift experiment with parameter
spaceH. This means that there is a linear stochastic process(L(h))h∈H such that

dPh
dP0

= exp
(
L(h)− 1

2
‖h‖2

)
, h ∈ H,

andL(L(h)|P0) = N (0, ‖h‖2), h ∈ H.

We are considering the estimation problem of a linear functionf : T → R, whereT ⊆ H is a closed,
linear subspace. Our decision functions are substochastic transition kernelsρ : Ω× B(R) → [0, 1], whose
risk for a loss functionW is then defined by∫ ∫

W (x− f(h)) ρ(ω, dx)Ph(dω).

The classical result on this estimation problem is a theorem by Blyth, [3]. This result has been proved
by Blyth for the caseH = R andPh = N (h, 1). Its extension to the general case, however, is easy (cf.
Strasser, [17], Theorem (72.4)).

In the general case Blyth’s theorem states the following: There is an estimatorρ∗, which is minimax
and admissible, and which is uniquely determined by its distribution. This estimator can be found in the
following way: The continuous linear functionf can be represented asf(h) =< h, h∗ >, h ∈ H, with
some uniquely determinedh∗ ∈ H. Then the estimatorρ∗ is given byρ∗ = εL(h∗). Let us give a precise
statement of Blyth’s theorem.

(4.1) THEOREM Let W be an admissible loss function and let h∗ ∈ T be such that f(h) =< h, h∗ >,
h ∈ T . Then for every decision function ρ the following alternative holds:
Either
(1) for all h ∈ T ∫ ∫

W (x− f(h)) ρ(ω, dx)Ph(dω) =
∫
W dN (0, ‖h∗‖2),

or
(2) there exists at least one h ∈ T such that∫ ∫

W (x− f(h)) ρ(ω, dx)Ph(dω) >
∫
W dN (0, ‖h∗‖2).

(3) Assertion (1) is valid iff ρ = εL(h∗).

Assertions (1) and (2) imply minimaxity and admissibility. Assertion (3) is concerned with uniqueness.

The most common situation in a semiparametric framework is as follows. The subspaceT is of the
form T = {th0 + k : t ∈ R, k ∈ G}, whereG ⊆ H is a closed linear subspace andh0 6∈ G. The linear
function to be estimated is given byf(th0 + k) = t, t ∈ R, k ∈ G. Let prG be the orthogonal projection
fromH ontoG. Then it is easy to see that

h∗ =
h0 − prGh0

‖h0 − prGh0‖2
.

This is exactly the method of computing so-called canonical gradients of functionals.

In section 5 we will apply Theorem (4.1) to obtain the optimal asymptotic information bound for the
structure model. For the functional model we are, however, faced with another Hilbert spaceH than
in the structure model and, thus, we are getting a different solution for the information bound problem.
As mentioned earlier (see (2.9)) this solution turns out to be useless for the construction of estimator
sequences. Our method for overcoming this dilemma is to narrow the class of decision functions by a
symmetry condition. For the limiting Gaussian shift experiment this symmetry condition is an invariance
condition.
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We are, thus, faced with the problem of modifying the assertion of Blyth’s theorem in order to cover
situations with invariant decision functions. This is done in the following.

Assume thatf : T → R is a continuous linear function. LetV ⊆ H be a closed linear subspace
satisfyingT ∩ V ⊆ ker f . Let us call a decision functionV –invariant ifL(ρ|Ph1) = L(ρ|Ph2) whenever
h1 − h2 ∈ V . We will consider the problem of estimatingf by aV –invariant decision function.

It is a natural idea to extendf to T1 := span{T ∪ V } by definingf(h) := 0 if h ∈ V , and then to
apply Theorem (4.1) toT1 andf . Let h∗∗ ∈ T1 be such thatf(h) =< h, h∗∗ > for h ∈ T1. Note that
h∗∗ is uniquely determined by the propertiesh∗∗ ∈ span{T ∪ V } ∩ V ⊥ andf(h) =< h, h∗∗ >, h ∈ T .
Then Theorem (4.1) can be applied withh∗ replaced byh∗∗ andT by T1. This gives a minimax and
admissibility assertion among all decision functions for the larger parameter spaceT1. But forV –invariant
decision functions assertions concerningT1 are equivalent to assertions restricted toT . Thus, we obtain
the following result.

(4.2) COROLLARY Let W be an admissible loss function and assume that T ∩ V ⊆ ker f . Let h∗∗ ∈
V ⊥ ∩ span{T ∪ V } be such that f(h) =< h, h∗∗ >, h ∈ T . Then for every V –invariant decision function
ρ the following alternative holds:
Either
(1) for all h ∈ T ∫ ∫

W (x− f(h)) ρ(ω, dx)Ph(dω) =
∫
W dN (0, ‖h∗∗‖2),

or
(2) there exists at least one h ∈ T such that∫ ∫

W (x− f(h)) ρ(ω, dx)Ph(dω) >
∫
W dN (0, ‖h∗∗‖2).

(3) Assertion (1) is valid iff ρ = εL(h∗∗).

Corollary (4.2) is the basis of our main asymptotic result. It implies that every estimator sequence
which has onlyV –invariant accumulation points obeys the information bound defined byh∗∗. Moreover,
for the functional model we will define a subspaceV of the full tangent spaceH such that the tangent
vectorh∗∗ will coincide with the optimal tangent vectorh∗ in the structure model.

The Asymptotic Situation

Let us turn to the second step of the proving procedure. We have to translate the assertions of Theorem
(4.1) and Corollary (4.2) into asymptotic assertions.

Let (Ωn,An), n ∈ N, be a sequence of sample spaces and letPn0|An, n ∈ N, be a sequence of
p–measures. The local asymptotic decision theory considers the properties of an estimator sequence not
only for the fixed sequence of p–measures(Pn0) but also for other sequences(Qn) whose likelihood ratios
( dQn

dPn0
) satisfy some specific conditions.

Those situations which are typical for the asymptotic study of structure and functional models can be
described in the following way.

There is a basic Hilbert spaceH and a dense linear subspaceC ⊆ H. For everyh ∈ C there is a
sequence(Ln(h)) of random variables, depending linearly fromh ∈ C, and satisfyingL(Ln(h)|Pn0) →
N (0, ‖h‖2), weakly. A sequence of p–measures(Qn) is said to have a LAN–expansion for(Pn0) with
(Ln(h)) if

dQn
dPn0

= exp
(
Ln(h)−

1
2
‖h‖2 + rn

)
, wherern

Pn0→ 0.

Any sequence of p–measures having a LAN–expansion with(Ln(h)) is denoted generically by(Pnh).
In situations with i.i.d. observations, e.g. for the structure model, it is possible to define(Ln(h)) even

for all h ∈ H. In more general cases like the functional model, however, distinguishing betweenH andC
is indispensable.



4 THE GENERAL FRAMEWORK 15

The main results of asymptotic decision theory make it possible to turn Theorem (4.1) into an asymp-
totic assertion (cf. Strasser, [17], Theorem (83.5)).

(4.3) THEOREM (Hájek, [5], LeCam, [8]) Let W be an admissible loss function. Assume that C ∩ T is
dense in T and let h∗ ∈ C∩T be such that f(h) =< h, h∗ >, h ∈ T . Then for every sequence of estimates
(Sn) the following alternative holds:
Either
(1) for all h ∈ C ∩ T

lim
n→∞

∫
W (Sn − f(h)) dPnh =

∫
W dN (0, ‖h∗‖2),

or
(2) there exists at least one h ∈ C ∩ T such that

lim sup
n→∞

∫
W (Sn − f(h)) dPnh >

∫
W dN (0, ‖h∗‖2).

(3) Assertion (1) is valid iff Sn − Ln(h∗)
Pn0→ 0.

The application of Theorem (4.3) to the situation of the structure model gives Proposition (2.5). This
will be shown in section 5.

For mastering the functional model we need an asymptotic version of Corollary (4.2). First we have to
modify the concept ofV –invariance in order to cover estimator sequences.

(4.4) DEFINITION An estimator sequence (Sn) is called asymptotically V –invariant if for every ε > 0
there is a number δ(ε) > 0 such that

lim sup
n→∞

‖L(Sn|Pnh1)− L(Sn|Pnh2)‖D < ε

if h1, h2 ∈ C and dist(h1 − h2, V ) < δ(ε).

If an estimator sequence(Sn) is asymptoticallyV –invariant then all its weak accumulation pointsρ are
V –invariant. This implies the following asymptotic version of Corollary (4.2).

(4.5) COROLLARY Let W be an admissible loss function and assume that T ∩ V ⊆ ker f . Assume that
C ∩ T is dense in T and let h∗∗ ∈ C ∩ span{T ∪ V } ∩ V ⊥ be such that f(h) =< h, h∗∗ >, h ∈ T . Then
for every sequence of asymptotically V –invariant estimates (Sn) the following alternative holds:
Either
(1) for all h ∈ C ∩ T

lim
n→∞

∫
W (Sn − f(h)) dPnh =

∫
W dN (0, ‖h∗∗‖2),

or
(2) there exists at least one h ∈ C ∩ T such that

lim sup
n→∞

∫
W (Sn − f(h)) dPnh >

∫
W dN (0, ‖h∗∗‖2).

(3) Assertion (1) is valid iff Sn − Ln(h∗∗)
Pn0→ 0.

Proof: Apply LeCam’s theorems, (LeCam, [8], cf. Strasser, [17], (62.3) and (63.6)), and Corollary
(4.2). 2

This is the abstract version of our main result Proposition (3.9). In section 5 we will apply Theorem
(4.3) and Corollary (4.5) to the structure model and the functional model in order to obtain Propositions
(2.5) and (3.9).
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5 Discussion of Proofs

We will apply the following regularity conditions.

(5.1) CONDITION The family (Pθη : θ ∈ Θ, η ∈ Λ) is continuouslyL2(µ)-differentiable with partial
loglikelihood derivativesl1θ andl2θ.

(5.2) CONDITION For everyθ ∈ Θ the functionsη 7→ Pθη(l21θ) andη 7→ Pθη(l22θ) are continuous and
bounded onΛ.

If Γ|B(Λ) is a p-measure then we call(θ,Γ) a regular pair if

EθΓ(l1θ|A) 6∈ {EθΓ(k|A) : k ∈ L∗2(Γ)}.

Let us call a parameter pointθ ∈ Θ identifiable if (θ,Γ) is a regular pair for everyΓ|B(Λ). If (Pθη) is
simple-structured thenθ is identifiable iff∫ ( q̇θ

qθ

)2

dPθη > 0 for all η ∈ Λ.

(Apply Pfanzagl and Wefelmeyer, [15], p. 234, (14.3.20).)

(5.3) CONDITION Everyθ ∈ Θ is identifiable.

The family(Pθη) is to be called regular if conditions (5.1), (5.2) and (5.3) are satisfied.

The Structure Model

We will briefly discuss how to obtain Proposition (2.5) from Theorem (4.3). We have to specify the choice
of H, T , C, (Pnh), (Ln) andf .

LetH := L∗2(R
′
θΓ) and define

Ln(h)(ω) :=
1√
n

n∑
i=1

h(ωi), h ∈ L∗2(R′θΓ).

We have to consider the asymptotic properties of an estimator sequenceSn :=
√
n(κn − θ). Our basic

sequence of p-measures will bePn0 := R′nθΓ. We are interested in contiguous sequences which come up
by variation of the parametersθ andΓ.

Let θn = θ + 1√
n
t and let(Γn) be tangent toΓ with tangent vectork ∈ L∗2(Γ). Then it follows from

conditions (5.1) and (5.2) that(R′θnΓn
) is tangent toR′θΓ with tangent vector

h := EθΓ(tl1θ + k|A) ∈ H.

This implies that a LAN-expansion with(Ln(h)) is valid and with the notation of section 4 we may denote
Pnh := R′nθnΓn

. Let us denote the closed hull of all such tangent vectors by

T1(θ,Γ) := {EθΓ(tl1θ + k|A) : t ∈ R, k ∈ L∗2(Γ)} ⊆ L∗2(R
′
θΓ).

This is the tangent space of the model. For the application of Theorem (4.3) we will defineT := T1(θ,Γ).
For efficiency the estimator sequenceSn =

√
n(κn − θ) applied to the parametersθn = θ + 1√

n
t has

to be concentrated as much as possible aroundt. Therefore the linear functionf to be estimated is

f(h) := t if h := EθΓ(tl1θ + k|A) ∈ H.

If (θ,Γ) is a regular pair then there is a uniquely determined tangent vectorh∗θΓ ∈ T1(θ,Γ) such that∫
h∗θΓEθΓ(tl1θ + k|A) dR′θΓ = t for all t ∈ R, k ∈ L∗2(Γ).

(For the construction see Remark (2.1).) With this notation we are in the position to apply Theorem (4.3).

Proof: (of Proposition (2.5)) Apply Theorem (4.3) with the notation introduced above. 2
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The Functional Model

For the proof of Proposition (3.9) we would like to apply Corollary (4.5). For doing so we have to extend
concepts like tangent score functions and tangent spaces to situations with independent but not identically
distributed observations. This has been done by Strasser, [18]. A detailed discussion of the completely
general situation with independent but not identically distributed observations is contained in Strasser,
[20]. For the present purposes we will repeat the main steps.

Instead of a single p-measure for every parameterθ we are faced with a familyPθ := (Pθη)η∈Λ. We
have to define tangent spaces of such families.

Define

H := L∗2(Pθ,Γ) :=
{
g ∈ L2(RθΓ) :

∫
g(., η) dPθη = 0 Γ-a.e.

}
.

Note, thatL∗2(Pθ,Γ) is a subspace ofL∗2(RθΓ) but does not coincide with the latter space.

Let (ηni) be a TA which converges weakly toΓ. In the functional model we again are interested in the
asymptotic properties of estimator sequencesSn :=

√
n(κn − θ). The basic sequence of p-measures in

this case isPn0 :=
⊗n

i=1 Pθηni which is a product of different factors. In order to construct contiguous
sequences we may not use all elements ofH = L∗2(Pθ,Γ).

(5.4) DEFINITION A function g ∈ L∗2(Pθ,Γ) satisfies condition (L) (Lindeberg condition) for (ηni) if

lim sup
n→∞

1
n

n∑
i=1

Pθηni

(
g(., ηni)2

)
<∞, and

lim
n→∞

1
n

n∑
i=1

∫
|g(.,ηni)|>

√
nε

g(., ηni)2 dPθηni = 0 for all ε > 0.

Forh ∈ L∗2(Pθ,Γ) define

Ln(h)(ω) :=
1√
n

n∑
i=1

h(ωi, ηni).

If h satisfies condition (L) for(ηni) then we have

L
(
Ln(h)

∣∣∣ n⊗
i=1

Pθηni

)
→ N (0, ‖h‖2θΓ), weakly.

We are now going to define a set of functions which is dense inL∗2(Pθ,Γ) for all Γ|B(Λ) and whose
elements satisfy condition (L) for all tight TAs(ηni).

(5.5) DEFINITION Let C∗b (Pθ) be the set of all measurable functions g : Ω × Λ → R such that η 7→
g(., η)

√
pθ(., η) is a continuous and norm-bounded function from Λ to L2(µ) and such thatEθη(g(., η)) =

0 for all η ∈ Λ.

The setC∗b (Pθ) will take the role ofC when we are going to apply Corollary (4.5).

If (Pθη) satisfies conditions (5.1) and (5.2) then the partial loglikelihood derivativesl1θ and l2θ are
functions inC∗b (Pθ). Moreover, anA-measurable functionh is in C∗b (Pθ) iff Eθη(h) = 0, η ∈ Λ, and
η 7→ Eθη(h2) is continuous and bounded onΛ, (Lemma (6.1)). The main advantages ofC∗b (Pθ) are the
properties which we have already announced. The setC∗b (Pθ) is dense inL∗2(Pθ,Γ) for all Γ|B(Λ), (Lemma
(6.2)), and all functions inC∗b (Pθ) satisfy condition (L) for all tight TAs(ηni), (Lemma (6.3)).

Let us consider p-measures which come up from
⊗n

i=1 Pθηni
by variation of the parameterθ and by

variation of the TA(ηni).

(5.6) LEMMA Assume that (Pθη) satisfies conditions (5.1) and (5.2), and let (ηni) be tight. Let θn =
θ + 1√

n
t and τni = ηni + 1√

n
ψ(ηni) for some ψ ∈ Cb(Λ). Then√

dPθnτni

dPθηni

= 1 +
1

2
√
n

(
tl1θ(., ηni) + ψ(ηni)l2θ(., ηni)

)
+ rni,
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where

lim
n→∞

n∑
i=1

∫
r2ni dPθηni = 0.

The proof of Lemma (5.6) is given in section 6. In view of Lemma (5.6) it is natural to call

h(ω, η) := tl1θ(ω, η) + ψ(η)l2θ(ω, η)

the tangent vector of(
⊗n

i=1 Pθnτni
) with respect to(

⊗n
i=1 Pθηni

). Let us denote the closed hull in
L∗2(Pθ,Γ) of all such tangent vectors by

T2(θ,Γ) := {tl1θ + ψl2θ : t ∈ R, ψ ∈ L2(Γ)}.

This is the tangent space of the model. Ifh satisfies condition (L) for(ηni) then an LAN-expansion is
valid.

(5.7) LEMMA Assume that (Pθη) satisfies conditions (5.1) and (5.2), and that (ηni) converges weakly to
Γ. Let θn = θ + 1√

n
t and τni = ηni + 1√

n
ψ(ηni) for some ψ ∈ Cb(Λ). Then

d
⊗n

i=1 Pθnτni

d
⊗n

i=1 Pθηni

= exp
(
Ln(h)−

1
2

∫
h2 dRθΓ + rn

)
,

where h(ω, η) := tl1θω, η) + ψ(η)l2θ(ω, η) and rn
⊗n

i=1 Pθηni−→ 0.

The proof of Lemma (5.7) follows well-known patterns, (see Corollary 74.4 in Strasser, [17]).

Corollary (4.5) is based on an asymptotic invariance condition. We are now going to relate perturbation
symmetry with such an invariance condition.

(5.8) LEMMA Assume that (ηni) converges weakly to Γ and consider the sequence of p-measures (
⊗n

i=1 Pθηni).
If (κn) is a perturbation symmetric estimator sequence then Sn =

√
n(κn − θ) is asymptotically VθΓ-

invariant where
VθΓ :=

{
g ∈ L∗2(Pθ,Γ) : EθΓ(g|A) = 0 R′θΓ-a.e.

}
.

Proof: Apply Lemma (3.5) to Definition (3.6). 2

With these preparations we almost are in a position to apply Corollary (4.5). For efficiency the estimator
sequenceSn =

√
n(κn − θ) applied to the parametersθn = θ + 1√

n
t has to be concentrated as much as

possible aroundt. Therefore the linear functionf to be estimated is

f(h) := t if h := (tl1θ + ψl2θ) ∈ T2(θ,Γ).

We only have to check the existence of a function

h∗∗θΓ ∈ C∗b (Pθ) ∩ span{VθΓ ∪ T2(θ,Γ)} ∩ V ⊥θΓ

such that ∫
h∗∗θΓ(tl1θ + ψl2θ) dRθΓ = t for all t ∈ R, ψ ∈ L2(Γ).

(This impliesT2(θ,Γ) ∩ VθΓ ⊆ ker f .) Then the assertion of Corollary (4.5) gives an asymptotic informa-
tion bound for the functional model and perturbation symmetric estimator sequences.
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But this is not the whole story. The Theorem (3.9) which is our actual goal does not only establish an
asymptotic information bound but states that this bound equals the bound valid in the structure model. The
following is the key theorem. It is based on our basic Lemmas (2.15) and (2.16).

(5.9) THEOREM Suppose that (Pθη) is regular. Let h∗θΓ be the uniquely determined tangent vector in
T1(θ,Γ) such that ∫

h∗θΓEθΓ(tl1θ + k|A) dR′θΓ = t for all t ∈ R, k ∈ L∗2(Γ).

Then h∗θΓ ∈ span{VθΓ ∪ T2(θ,Γ)} ∩ V ⊥θΓ and satisfies∫
h∗θΓ(tl1θ + ψl2θ) dRθΓ = t for all t ∈ R, ψ ∈ L2(Γ).

Proof: Sinceh∗θΓ isA-measurable andEθη(h∗θΓ) = 0, η ∈ Λ, it follows by Lemma (2.16) thath∗θΓ ∈
V ⊥θΓ.

Leth∗θΓ = EθΓ(t∗l1θ+k∗|A) for somet∗ ∈ R, k∗ ∈ L∗2(Γ). By Lemma (2.15) there existsψ∗ ∈ L2(Γ)
such thatEθΓ(k∗|A) = EθΓ(ψ∗l2θ|A). It follows that

h∗θΓ = EθΓ(t∗l1θ + ψ∗l2θ|A) = t∗l1θ + ψ∗l2θ + g∗,

with g∗ = (t∗l1θ + ψ∗l2θ)− EθΓ(t∗l1θ + ψ∗l2θ|A) ∈ VθΓ. Thus we haveh∗θΓ ∈ span{T2(θ,Γ) ∪ VθΓ}.
Let t ∈ R andψ ∈ L2(Γ). By Lemma (2.15) there is somek ∈ L∗2(Γ) such thatEθΓ(k|A) =

EθΓ(ψl2θ|A). This implies

t =
∫
h∗θΓEθΓ(tl1θ + k|A) dR′θΓ

=
∫
h∗θΓEθΓ(tl1θ + ψl2θ|A) dR′θΓ

=
∫
h∗θΓ(tl1θ + ψl2θ) dRθΓ.

Thus,h∗θΓ satisfies all claims. 2

Proof: (of Theorem (3.9)) Apply Corollary (4.5) with the notation introduced above. 2

6 Auxiliary Lemmas and Additional Proofs

Proof: (of Theorem (3.3).)
We apply a basic result on empirical processes which can be found in Shorack and Wellner, [16],

chapter 25, section 4, Theorem 1, (p. 810). In view of this result it is sufficient for our proof to consider
the limits of the first and second moments of the empirical processes.

Considering the first moments we have∫
Zn(x) d

n⊗
i=1

Qnηni

=
1√
n

n∑
i=1

[ ∫ x

−∞

(
1 +

1√
n
g(., ηni)

)
dFθηni

− Fθηni
(x)

]
=

1
n

n∑
i=1

∫ x

−∞
g(., ηni) dFθηni

→
∫ ∫ x

−∞
g(., η) dFθη Γ(dη) =

∫ x

−∞
EθΓ(g|A) dR′θΓ.
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Considering the second moments we have∫
Zn(x)Zn(y) d

n⊗
i=1

Qnηni

=
1
n

n∑
i=1

[ ∫ x∩y

−∞

(
1 +

1√
n
g(., ηni)

)
dFθηni − Fθηni(x)Fθηni(y)

]
→

∫ ∫ x∩y

−∞
dFθη Γ(dη)−

∫
Fθη(x)Fθη(y) Γ(dη).

2

Proof: (of Lemma (3.5) Letg := g1 − g2 and forA ∈ A let

fA(η) :=
∫
A

g(., η)pθ(., η) dµ.

Then (fA)A∈A is a family of continuous functions which is uniformly bounded and equicontinuous on
compacts. Weak convergence of(ηni) together with the Theorem of Arzelà and Ascoli implies

lim
n→∞

sup
A

∣∣∣ 1
n

n∑
i=1

fA(ηni)−
∫
fA dΓ

∣∣∣ = 0.

Straightforward reasoning gives

lim
n→∞

∫ ∣∣∣ 1
n

n∑
i=1

g(., ηni)pθ(., ηni) −
∫
g(., η)pθ(., η) dΓ

∣∣∣ dµ = 0.

The assertion follows since it is easy to see that∫ ∣∣∣ 1
n

n∑
i=1

g(., ηni)pθ(., ηni)
∣∣∣ dµ =

√
n
∣∣∣∣∣∣ 1
n

n∑
i=1

Q1
nηni

− 1
n

n∑
i=1

Q2
nηni

∣∣∣∣∣∣
and ∫ ∣∣∣ ∫

g(., η)pθ(., η) dΓ
∣∣∣ dµ =

∫ ∣∣∣EθΓ(g|A)
∣∣∣ dR′θΓ.

2

(6.1) LEMMA Suppose that h is A-measurable, η 7→ Eθη(h2) is bounded and continuous and Eθη(h) =
0, η ∈ Λ. Then h ∈ C∗b (Pθ).

Proof: The assertion follows sinceη 7→ h
√
pθ(., η) isµ-continuous andη 7→ Eθη(h2) =

∫
(h

√
pθ(., η))2 dµ

is continuous. 2

(6.2) LEMMA C∗b (Pθ) is dense in L∗2(Pθ,Γ) for every Γ|B(Λ).

Proof: LetCb(Pθ) be the set of all measurable functionsg : Ω×Λ → R such thatη 7→ g(., η)
√
pθ(., η)

is a continuous and norm-bounded function fromΛ toL2(µ). It is obvious thatCb(Pθ) is dense inL2(RθΓ).
Let h ∈ L∗2(Pθ,Γ) and chooseg ∈ C∗b (Pθ) such that||h − g||θΓ < ε/2. Then it follows that∫
|Eθη(g(., η))| dΓ < ε/2 which implies||h− g∗||θΓ < ε for g∗ = g − EθΓ(g(., η)). 2

(6.3) LEMMA Assume that regularity conditions (5.1) and (5.2) are satisfied. Every g ∈ C∗b (Pθ) satisfies
condition (L) for every tight TA (ηni).
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Proof: By a similar proof as for Lemma (4.7) in [21] one shows that for every compact setK ⊆ Λ

lim
a→∞

sup
η∈K

∫
|g(.,η)|>a

g2(., η) dPθη = 0.

This implies the assertion. 2

Proof: (of Lemma (5.6)) Let

rn(η) :=

√
dPθ+t/

√
n,η+ψ(η)/

√
n

dPθη
− 1− 1

2
√
n

(
tl1θ(., η) + ψ(η)l2θ(., η)

)
.

Thus, we haverni = rn(ηni).
By regularity condition (5.1) for everyε > 0 there existsδ(θ, η, ε) > 0 such that∫

rn(η)2 dPθη < ε2
( t2
n

+
ψ(η)2

n

)
if

( t2
n

+
ψ(η)2

n

)
< δ2(θ, η, ε).

LetK ⊆ Λ be a compact set such that

1
n

n∑
i=1

1K(ηni) > 1− ε for all n ∈ N.

For η ∈ K the numberδ(θ, η, ε) may be replaced by a numberδK(θ, ε), independent ofη ∈ K. Thus, we
have

lim sup
n→∞

sup
η∈K

n

∫
r2n(η) dPθη = 0.

Moreover, regularity condition (5.2) implies a Lipschitz condition forη 7→
√
pθ(., η) and thus

lim sup
n→∞

sup
η∈Λ

n

∫
r2n(η) dPθη ≤ C <∞.

Putting terms together, we obtain

lim sup
n→∞

n∑
i=1

∫
r2n(ηni) dPθηni

≤ lim sup
n→∞

1
n

∑
ηni∈K

n

∫
r2n(ηni) dPθηni

+ lim sup
n→∞

1
n

∑
ηni 6∈K

n

∫
r2n(ηni) dPθηni

≤ 0 + Cε.

2

Proof: (of Lemma (2.15)).
Let us denote the sets in question byM1 andM2. Both sets are closed linear subspaces ofL2(R′θΓ).

We will show thatM⊥
1 = M⊥

2 by showing that

M⊥
1 = M⊥

2 = {h ∈ L2(R′θΓ) : η 7→ Eθη(h) is constantΓ–a.e.}

The assertionh ∈M⊥
1 is equivalent to∫

hk dRθΓ =
∫ ∫

h(ω)Pθη(dω)k(η)Γ(dη) = 0 if k ∈ L∗2(Γ).



6 AUXILIARY LEMMAS AND ADDITIONAL PROOFS 22

This is the case iffη 7→ Eθη(h) is constantΓ–a.e.

The assertionh ∈M⊥
2 is equivalent to∫

hψl2θ dRθΓ =
∫ ( d

dη

∫
h(ω)Pθη(dω)

)
ψ(η) Γ(dη) = 0 for all ψ ∈ L2(Γ).

This is also the case iffη 7→ Eθη(h) is constantΓ–a.e. 2

Proof: (of Lemma (2.16))
Let g ∈ L∗2(Pθ,Γ). Then the condition∫

g(ω, η)
(
h(ω)− Eθη(h)

)
RθΓ(dω, dη) = 0 for all h ∈ L2(R′θΓ)

is in view ofEθη(g(., η)) = 0 equivalent to∫
g(ω, η)h(ω)RθΓ(dω, dη) = 0 for all h ∈ L2(R′θΓ).

This meansEθΓ(g|A) = 0, thusg ∈ VθΓ. 2
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