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THE GEOMETRY OF REGULAR TREES WITH THEFABER-KRAHN PROPERTYJOSEF LEYDOLDAbstract. In this paper we prove a Faber-Krahn-type inequality for regulartrees with boundary and give a complete characterization of extremal trees.The main tools are rearrangements and perturbation of regular trees.1. IntroductionIn the last years some results for the Laplacian on manifolds have been shownto hold also for the graph Laplacian, e.g. Courant's nodal domain theorem ([2, 4])or Cheeger's inequality ([3]). In [4] Friedman described the idea of a \graph withboundary" (see below). With this concept he was able to formulate Dirichlet andNeumann eigenvalue problems. He also conjectured another \classical" result formanifolds, the Faber-Krahn theorem, for regular bounded trees with boundary. TheFaber-Krahn theorem states that among all bounded domains D � Rn with �xedvolume, a ball has lowest �rst Dirichlet eigenvalue ([1]). Amazingly Friedman'sconjecture is false, i.e. in general these trees are not \balls". First attempts tocharacterize extremal trees are done by the author ([5]) and with somewhat moresophisticated methods by Pruss ([6]).In this paper we complete this characterization and extend a former result of theauthor. 2. Statement of the ResultLet G(V;E) be an undirected graph with weights 1=ce for each edge e 2 E. Thegeometric realization of G is the metric space G consisting of V and arcs of lengthce glued between u and v for every edge e = (u; v) 2 E. The volume �(G) is theLebesgue measure of G, i.e. �(G) =Pe2E ce. The Laplacian of G is the matrix� = �(G) = D(G)�A(G) (1)where A(G) is the adjacency matrix of G and D(G) is the diagonal matrix whoseentries are the sums of the weights of the edges at the vertices of G, i.e. Dv;v =Pe=(v;u)2E 1ce . The associated Rayleigh quotient of this operator on real-valuedfunctions f on V is the fractionRG(f) = h�f; fihf; fi = P(u;v)2E 1ce (f(u)� f(v))2Pv2V (f(v))2 : (2)1991 Mathematics Subject Classi�cation. Primary: 58-99 (Global analysis, analysis on mani-folds), Secondary: 05C99 (Graph theory).Key words and phrases. regular tree, graph Laplacian, Dirichlet eigenvalue problem, Faber-Krahn inequality. 1



2 JOSEF LEYDOLDA graph with boundary is a graph G(V0 [ @V;E0 [ @E) with interior verticesV0, boundary vertices @V and edge set E0 [ @E. Each edge e 2 E0 (interior edge)joins two interior vertices, each edge e 2 @E (boundary edge) connects an interiorvertex with a boundary vertex. A Dirichlet eigenvalue problem can be introducedby restricting the eigenfunctions of the graph Laplacian to such f with f(u0) = 0for all boundary vertices u0 2 @V . Equivalently we can de�ne a Laplace operatorthat acts on the interior vertices of G only, i.e. on V0:�0 = D0 �A0 (3)where A0 is the adjacency matrix restricted to V0 and D0 is the diagonal matrixwhose entry corresponding to v 2 V0 is (notice E = E0 [ @E)(D0)v;v = Xe=(v;u)2E 1ce : (4)Since there is no risk of confusion, we denote the Laplacian on a graph with bound-ary G simply by � = �(G). For details and motivation of this de�nition andfor basic properties of this operator see [4, 5, 6]. We denote the lowest Dirichleteigenvalue of G by �(G).We are interested in regular trees with boundary. We get such a graph when wetake the geometric realization of an in�nite d-regular tree and cut out a boundedregion. More accurately:De�nition 1. A d-regular tree with boundary is a tree where all interior edges havelength 1 (i.e. weight 1), all boundary edges length� 1, and where all interior verticeshave degree d and all boundary vertices degree 1. The set of interior vertices is notempty, i.e. jV0j � 1.De�nition 2. A ball Bd(c; r) is a d-regular tree with boundary with a center c 2 G,not necessarily a vertex, and a radius r > 0, such that dist(c; v) � r for all pointsv 2 Bd(c; r), where equality holds if and only if v 2 @V . dist(u; v) denotes thegeodesic distance between u; v 2 G. Bd(c; 0) = fcg consists of a single point.De�nition 3. We say a d-regular tree with boundary G(V0 [ @V;E0 [ @E) ful�llsthe Faber-Krahn-property, if �(G) � �(G0) for every d-regular tree with boundaryG0 with �(G0) = �(G).Unlike to the classical Faber-Krahn theorem, balls centered at a vertex doesnot minimize the lowest Dirichlet eigenvalue, except when all boundary edges havelength 1 (see [5]).But every tree with the Faber-Krahn-property is similar to a ball. It looks alittle bit like a \peeled onion" (see �gure 2). To de�ne such a tree we need thenotation of a branch.De�nition 4. Let m be the root of the tree and let h(v) = dist(m; v) denote theheight of the vertex v 2 G. Let (w; v) be an edge with h(w) < h(v). The branchBr(w; v) at vertex w is the maximal subgraph induced by w, v and all descendantsu 2 V of v (i.e. the geodesic path (w; : : : ; u) contains v, see �gure 1). The length`(Br(w; v)) is the maximal distance dist(w; u0), u0 2 @V , in Br(w; v). The branchis called balanced if h(u0) is the same for all boundary vertices u0 2 @V \Br(w; v).Notice that a boundary edge is a (balanced) branch of length � 1.



THE GEOMETRY OF REGULAR TREES WITH THE FABER-KRAHN PROPERTY 3w v u1u2Figure 1. A balanced branch Br(w; v) of length 2:7.De�nition 5. We say a d-regular tree with boundary G(V0[@V;E0[@E) is onionshaped if there exists a root m 2 V0 of the tree such that the following holds (see�gure 2):(O1) G is connected.(O2) Bd(m; r) � G � Bd(m; r + 1) for an r 2 N0 (if jV0j = 1 then r = 0). Thusjh(v0)� h(u0)j � 1 for all boundary vertices u0; v0 2 @V .(O3) All boundary edges have length 1 or length c, where c 2 (0; 1) is the same forall boundary edges of length < 1.(O4) If two branches Br(w1; v1) and Br(w2; v2), for h(w1) � h(w2), are not bal-anced, then Br(w1; v1) � Br(w2; v2).
m

Figure 2. Onion shaped 4-regular tree. (� : : : interior vertices,Æ : : : boundary vertices, m: : : root)Theorem (Faber-Krahn). A d-regular tree with boundary G, d � 3, has the Faber-Krahn property if and only if G is onion shaped and one of the following holds:(F0) There is only one interior vertex, i.e. jV0j = 1.(F1) All branches of length ` 2 (1; 2] are balanced (this just follows from (O3)),and there is at most one balanced branch of length ` 2 (1; 2), andd � 5, ord = 4 and G � B4(z; 4:5), ord = 3 and G � B3(z; 2:5).



4 JOSEF LEYDOLDHere and in the following conditions z is the midpoint of some line in G.(F2) All branches of length ` 2 (2; 3] are balanced, and there is at most one balancedbranch of length ` 2 (2; 3), andd = 4 and B4(z; 4:5) � G, ord = 3 and B3(z; 2:5) � G � B3(z; 9:5).(F3) All branches of length ` 2 (3; 4] are balanced, and there is at most one balancedbranch of length ` 2 (3; 4), andd = 3 and B3(z; 9:5) � G.For a given volume �, G is uniquely de�ned up to homomorphism.Figure 3 shows the ball B3(z; 2:5). Figure 4 shows some regular trees of degree3 of increasing volume with the Faber-Krahn property.
�z

Figure 3. B3(z; 2:5)
m m m m
Figure 4. Extremal trees of degree 3. (� : : : interior vertices, Æ : : :boundary vertices, m: : : root)3. Main ToolsFirst we need some basic properties of �(G).Proposition 1 (see [4]). Let G(V0[@V;E0[@E) be a connected graph with bound-ary.(1) �(G) is a positive operator, i.e. �(G) > 0.(2) An eigenfunction f to the eigenvalue �(G) is either positive or negative on allinterior vertices of G.(3) �(G) is continuous as a function of G in the metric �(G;G0) = �(G � G0) +�(G0 �G).



THE GEOMETRY OF REGULAR TREES WITH THE FABER-KRAHN PROPERTY 5(4) �(G) is monotone in G, i.e. if G � G0 then �(G) > �(G0).(5) �(G) is a simple eigenvalue.We also need a bound on the lowest Dirichlet eigenvalue �(G).Proposition 2 (see [4]). For a d-regular tree G with boundary we have�(G) > d� 2pd� 1: (5)Next we extend an idea introduced in [6, de�nition 6.1] to regular trees withboundaries.De�nition 6. We say that a well-ordering � on G(V0 [ @V;E0 [ @E) is spiral-likeproviding the following conditions hold for all vertices v; w; v1; v2; w1; w2 2 V0 andu1; u2 2 @V :(S1) If h(v) < h(w) then v � w.(S2) If v1 � v2 and wi is a child of vi (i.e. (vi; wi) 2 E and h(wi) = h(vi) + 1), fori = 1; 2, then w1 � w2.(S3) If (v1; u1) and (v2; u2) are boundary edges of lengths c1 and c2, respectively,with h(v1) = h(v2) and c1 > c2, then u1 � u2.Notice that in (S3) the ordering for some boundary vertices is reverse to thelengths of the incident boundary edges.In the following let G = G(V0 [@V;E0 [@E) be a d-regular tree with the Faber-Krahn property and f a nonnegative eigenfunction to the �rst Dirichlet eigenvalue�(G). m denotes a maximum of f , i.e. f(m) � f(v) for all v 2 V . We alwayschoose m for the root of our tree.The following lemma describes the geometry of eigenfunctions to the �rst Dirich-let eigenvalue. It summarizes results in [5].Lemma 3 (geometry of eigenfunctions). Let G be a d-regular tree with boundarywith the Faber-Krahn property. Then(M1) G is connected;(M2) jh(v0)� h(u0)j � 1 for all boundary vertices u0; v0 2 @V ;(M3) There exists a spiral-like well-ordering � such that u � v ) f(u) � f(v), forall vertices u; v 2 V .(M4) The normal derivative of f at all boundary edges of length ce < 1 is the same.(M2) states that G is similar to a ball. Notice that it does not necessarily induce(O2). The consequence of (M3) is that f is non-increasing on every geodesic pathfrom m to a boundary vertex and that f (nearly) has radial symmetry.Remark. For the normal derivative we always use the orientation towards the rootof the tree. Thus for a nonnegative eigenfunction it is always positive.Corollary 4. Let Br(v1; w1) and Br(v2; w2) be two balanced branches of lengths `1and `2, respectively. If `1 < `2, then f(v1) � f(v2).Proof. Notice that h(v) is an integer for every interior vertex v. If h(v1) + `1 �h(v2) + `2, then h(v1) � h(v2) + 1 > h(v2) and by (S1) and (M3), v2 � v1 andf(v2) � f(v1). If h(v1) + `1 < h(v2) + `2, then by (M2), h(v1) = h(v2). Because of(M3) and (S3), u2 � u1 for boundary vertices u1 2 Br(v1; w1) and u2 2 Br(v2; w2).Consequently by (S2), v2 � v1 and f(v2) � f(v1).



6 JOSEF LEYDOLDThe main techniques for proving lemma 3 are rearranging and perturbation ofedges.Let (v1; u1); (v2; u2) 2 E be edges of lengths c1 and c2, respectively, so that u2is in the geodesic path from v1 to v2, but u1 is not. Assume v1 6= u2. Since G is atree, (v1; v2); (u1; u2) 62 E. Thus we can replace edge (v1; u1) by edge (v1; v2) withlength c2 and edge (v2; u2) by edge (u1; u2) with length c1 (see �gure 5). Denotethis new graph by G(V;E0). Since by assumption u2 is in the geodesic path fromv1 to v2 and u1 is not, G(V;E0) again is a connected d-regular tree with boundary.Obviously �(G0) = �(G).u1 v1 u2 v2c1 c2c2c1
Figure 5. Rearrangement step.Lemma 5 (rearrangement of edges, [5, lemma 5]). Construct a d-regular tree G0with boundary as described above. Then �(G0) � �(G) whenever f(v1) � f(u2),f(v2) � f(u1) and c1 � c2. �(G0) < �(G) if and only if one of these three inequal-ities is strict.The normal derivative of f at the boundary edge ej = (vj ; uj) 2 @E, vj 2 V0, oflength cj = cej is f(vj)=cj . The \average" normal derivative of n boundary edgesis given by Pnj=1 f(vj)=Pnj=1 cj . We replace each of these n edges ej by edges �ejof length �cj , where each �cj is given by�cj = f(vj) Pni=1 ciPni=1 f(vi) : (6)Then the normal derivative is the same for all these boundary edges. It is clearthat such an edge �ej might become longer than 1. Then we replace all the edges ejby edges ej(") of lengths cj(") = (1� ")cj + " �cj , where " 2 (0; 1]. Make " as greatas possible, i.e. (either) one edge ej(") has length cj(") = 1 or " = 1. Denote theresulting graph by G(").Lemma 6 (perturbation of edges, [5, lemma 7]). Construct a d-regular treeG(") with boundary as described above. Then �(G(")) = �(G) and �(G(")) � �(G).Equality holds if and only if �cj = cj in (6) for all j.Corollary 7. Let e1; e2 2 @E be two boundary edges with lengths c1; c2 2 (0; 1]. Lets1, s2 denote the normal derivatives at these edges. If s1 < s2 then we can decrease�(G) by the above perturbation G(") when we reduce the length of e1 (where thenormal derivative is \too small") and increase the length of e2 (where f is \toosteep".)Notice that we can apply this corollary only if c2 < 1 since otherwise we wouldobtain a tree with boundary edge with length greater than 1.Proof of lemma 3. For (M1) see [4, theorem 4.4]. Now enumerate the vertices of Gsuch that v0 = m and i < j implies f(vi) � f(vj). De�ne a well-ordering � on the



THE GEOMETRY OF REGULAR TREES WITH THE FABER-KRAHN PROPERTY 7interior vertices of G, such that vi � vj if and only if i < j. Then rearrange theinterior edges as described above to make � spiral-like on V0. This rearrangementcan be done stepwise: we make the �rst d vertices in the spiral-like ordering adjacentto the root m. Then connect the next d� 1 vertices to v2, the next d � 1 verticesto v3 and so on (for details see proof of lemma 6 in [5]). It easily follows that �(G)is decreased by this rearrangement if (M3) does not hold for the original tree G(lemma 5). By rearranging the boundary edges such that longer boundary edgesare incident to interior vertices with greater values of f(v) we arrive at (M2) (fordetails see lemmata 6 and 8 in [5]). This rearrangements make it possible to modifythe ordering � on @V so that (S3) holds. Lemma 6 implies that (M4) must hold ifG has the Faber-Krahn property ([5, lemma 7]).Balanced branches are important for our onion-shaped trees. It is easy to com-pute the eigenfunction f on these subgraphs by a straightforward calculation (see[4, 5]) using �f(v) = Xei=(v;ui)2E 1cei (f(v) � f(ui)) = � f(v): (7)Notice that 1cei = 1 for all but the boundary edges.Lemma 8. Let f(v0; v1); (v1; v2); : : : ; (vn�1; vn)g be a geodesic path in G with v0 2@V and vi 2 V0, i = 1; : : : ; n. Let c denote the length of the boundary edge (v0; v1).If Br(vj ; vj�1), j = 1; : : : ; n, are balanced branches thenf(v2) = ((d � 1) + (1� �)c) f(v1)=cf(vj) = (d� �)f(vj�1)� (d� 1)f(vj�2); j = 3; : : : ; n: (8)The above lemma shows that we can express f(vj) byf(vj) = s (�j(d; �) + �j(d; �) c) (9)where s denotes the normal derivative at the boundary edge (v1; v0), i.e. f(v1)=c.The coeÆcients �j and �j are polynomials which are given by the recursion�1 = 0; �2 = d� 1 and �i = (d� �)�i�1 � (d� 1)�j�2;�1 = 1; �2 = 1� � and �i = (d� �)�i�1 � (d� 1)�i�2: (10)Lemma 9. Let d � 3 be �xed. Then(i) �k(d; �) is a polynomial in � of degree k � 1,with �k(d; 0) = 1 for all k and �k(d; �) = (��)k�1 +O(�k�2) for � !1.(ii) �k(d; �) has k � 1 distinct real roots 0 < �1 < �2 < : : : < �k�1.(iii) For k � 3 the roots of �k(d; �) and �k�1(d; �) are interlaced, i.e. for eachof the (open) intervals (vj ; vj+1) there exists exactly one root � of �k�1(d; �)with �j < � < �j+1.Proof. (i) follows immediately from recurrence (10). The other statements aretrivial for �1 and �2. Now assume that the proposition holds for k � 2. Then byrecurrence (10) we �nd for each root �j of �k, �k+1(d; �j) = �(d � 1)�k�1(d; �j).By (i) and (iii) we have sign�k�1(d; �j) = � sign�k�1(d; �j+1) 6= 0 and thus thereis a root of �k+1 in each interval (�j ; �j+1). Moreover since there is no root of �k�1less than �1 or greater than �k�1 it follows immediately from (i) that there is aroot of �k+1 in the intervals (0; �1) and (�k�1;1), respectively. Thus (ii) and (iii)follows by induction.



8 JOSEF LEYDOLDWe get the following consequence of (iii).Corollary 10. Let d � 3 be �xed. Then �j(d; �) > 0 for all j � k if and only if �is less than the smallest root of �k.Lemma 11. For k � 1 we �nd�k+1(d; �) = (d� 1) (�k(d; �) + �k(d; �)) (11)�k+1(d; �) = (1� �)�k(d; �) � � �k(d; �) (12)Proof. We have �2 = (d�1) and �3 = (d�1) (d��) = (d�1) (�2+�2). Furthermore�2 = (1 � v) and �3 = (d � �)(1 � �) � (d � 1) = (1 � �)(1 � �) � � (d � 1) =(1��)�2�� �2. Thus the proposition follows by induction from recursion (10).As an immediate consequence of this lemma we �nd (notice that �1(d; �) = 1)Corollary 12. For k � 2, �k(d; �) > 0 if �j(d; �) � 0 for all j � k � 1.Notice that f(v) only depends on h(v) in a balanced branch, whether G hasthe Faber-Krahn property or not. Otherwise there would exist two independenteigenfunctions on G and thus �(G) would not be simple, a contradiction. Therefore(8){(10) hold whenever Br(vj ; vj�1) are balanced branches, even if the chosen rootfor G is not a maximum of f or G does not have the Faber-Krahn property.4. Proof of the theoremAgain we assume that G = G(V0 [ @V;E0 [ @E) has the Faber-Krahn propertyand f is a nonnegative eigenfunction to the �rst Dirichlet eigenvalue �(G) withmaximum m as the root of tree G. k always denotes an integer � 1.We show that a connection exists between the sign of the polynomials �j(d; �) at�(G) and the existence of balanced or unbalanced branches of integer or non-integerlength.Lemma 13. Let Br(v; u1) and Br(v; u2) be two balanced branches of lengths `1 and`2, respectively, u1 6= u2, with k � 1 < `1 � `2 < k for a k 2 N. If �k(d; �(G)) 6= 0,then `1 = `2.Proof. By (M4) and (9) we �nd f(v) = s (�k(d; �(G)) + �k(d; �(G)) (`i � k + 1)),for i = 1; 2. Consequently �k(d; �(G)) (`1 � `2) = 0 and thus `1 = `2.Lemma 14. Let Br(v; u1) and Br(v; u2) be to two balanced branches of length `,u1 6= u2, with k � 1 < ` < k for a k 2 N. If �j(d; �(G)) � 0 for every j � k � 1,then �k(d; �(G)) � 0.Proof. Replace the boundary edges of length c = `�k+1 in Br(v; u1) by boundaryedges of length c1 = c � " and those in Br(v; u2) by edges of length c2 = c + ",for a suÆciently small " > 0. Denote the resulting graph (which might not havethe Faber-Krahn property) by G". Then �(G") = �(G) and �(G") � �(G). Lets1 and s2 denote the respective normal derivatives of the positive eigenfunction f"at these modi�ed boundary edges. Then we �nd by (9), f"(v) = si (�k(d; �(G")) +�k(d; �(G")) ci), i = 1; 2.Now suppose �k(d; �(G)) < 0. Then by the continuity of �(G) (proposition 1),�k(d; �(G")) < 0 for all suÆciently small " > 0. Notice that by assumption andcorollary 12, �j(d; �(G)) > 0 for every j � k. Then we �nds1 = s2 � �k(d; �(G")) + �k(d; �(G")) (c+ ")�k(d; �(G")) + �k(d; �(G")) (c� ") < s2 (13)



THE GEOMETRY OF REGULAR TREES WITH THE FABER-KRAHN PROPERTY 9where the inequality holds if and only if �k(d; �(G")) < 0. By corollary 7 we candecrease the �rst Dirichlet eigenvalue of G" by constructing a new graph G"0 bymaking the boundary edges of length c1 = c�" shorter to get length c01 = c�"0 < c1and the boundary edges of length c2 = c+ " longer to get length c02 = c+ "0 > c2(we assume without loss that "0 > " is suÆciently small). Notice that for the neweigenfunction f"0 , s01=s02 < s1=s2 < 1. Thus we can make "0 even a little bit largerand we can set "0 = 2" (for suÆciently small "). Hence and by the Faber-Krahnproperty of G we �nd �(G") > �(G2") � �(G). These inequalities hold for every"i = "=2i and we arrive at �(G"i ) > �(G"0) > �(G), i.e. �(G"i ) cannot converge to�(G), a contradiction to the continuity of �. Hence s1 � s2 and �k(d; �(G")) � 0for every suÆciently small " > 0. Thus �k(d; �(G)) � 0 as claimed.Lemma 15. Let Br(v; u1) and Br(v; u2) be two balanced branches of lengths `1and `2, respectively, u1 6= u2, with k � 1 = `1 < `2 � k for a k 2 N, k � 2. If�j(d; �(G)) � 0 for every j � k � 1, then �k(d; �(G)) � 0.Proof. Construct a new regular tree with boundary G" for a suÆciently small " > 0by replacing the boundary edges of length c = `2�k in Br(v; u2) by boundary edgesof length c � " and by including new boundary edges at the boundary vertices inBr(v; u1) (which then become interior vertices) of length ". We then have �(G") =�(G) and �(G") � �(G). Let s1 and s2 denote the respective normal derivativesof the positive eigenfunction f" at these modi�ed boundary edges. Now suppose�k(d; �(G)) > 0. Then by the continuity of �(G), �k(d; �(G")) > 0 for all suÆcientlysmall " > 0. Then we �nd for suÆciently small " > 0s1 = s2 � �k(d; �(G")) + �k(d; �(G")) (c� ")�k(d; �(G")) + �k(d; �(G")) " > s2 (14)i.e. we can decrease the �rst Dirichlet eigenvalue by replacing " by a suÆciently small"0 > " > 0. Therefore analogously to the proof of lemma 14 we �nd �k(d; �(G)) � 0as claimed.Lemma 16. Let Br(v; u1) and Br(v; u2) be two balanced branches of lengths `1and `2, respectively, u1 6= u2, with k � 1 < `1 < `2 = k for a k 2 N. Then�k(d; �(G)) � 0.Proof. By (9) we have f(v) = s1 (�k + �k (`1 � k + 1)) = s2 (�k + �k (`2 � k + 1)).By corollary 7 we must have s1 � s2 and thus �k `1 � �k `2 which holds if and onlyif �k � 0.Lemma 17. Let Br(v; w) be a branch such that k < dist(v; u0) < k+1, k 2 N, foreach boundary vertex u0 in Br(v; w). If �(G) is not the smallest root of any �j(d; �)for j � k, then Br(v; w) is balanced and �j(d; �) > 0 for all j = 1; : : : ; k. Moreover�(G) is less than the smallest root of �k(d; �).Proof. Br(v; w) is balanced for k = 1 by (M4) and �1(d; �) has no roots. Nowassume the proposition holds for k � 1 � 1, i.e. all subbranches Br(w; ui) arebalanced and �j(d; �(G)) > 0 for j � k � 1. By corollary 10 there is no rootof �k(d; �) because the smallest one has been excluded by assumption. Then bylemma 13 all these subbranches have the same length, i.e. Br(v; w) is balanced andby lemma 14, �k(d; �(G)) > 0. Thus the proposition follows by induction. The laststatement is an immediate consequence of corollary 10.



10 JOSEF LEYDOLDLemma 18. If �(G) is not the smallest root of any �j(d; �) for j � k+1, then thereare no balanced branches Br(v; u1) and Br(v; u2) of lengths `1 and `2, respectively,such that k � 1 < `1 < k < `2 < k + 1 for a k 2 N (see �gure 6).
v u2u1Figure 6. Unbalanced branch.Proof. Suppose two such branches exist. By (M4), eq. (9) and lemma 11, f(v) =�k + �k c1 = �k+1 + �k+1 c2 = (d� 1)�k + (d� 1)�k + ((1� �)�k � ��k) c2, wherec1 = `1� k+1 and c2 = `2� k denote the lengths of the boundary edges. Thus we�nd (d� 2� � c2)�k + (d� 1� c1 + (1� �) c2)�k = 0: (15)Notice that by lemma 17, �j(d; �(G)) > 0 for all j � k. Hence for k � 2 we have� < 1. Moreover ci 2 (0; 1) and d � 3. Thus the left hand side of eq. (15) is greaterthan 0, a contradiction.Now suppose k = 1. Since �1 = 0 and �1 = 1, the left hand side of eq. (15)reduces to d� 1� c1 + (1� �) c2 = 0. Consequently �(G) = (d� c1 + c2 � 1)=c2 >(d � 2)=c2 + 1 > d � 1 = �(Bd(z; 1:5)), where z is the mid point of some edge.Consequently Bd(z; 1:5) 6� G and by (M2) we can choose vertex v as the root m ofG. By lemma 13 all branches at v are balanced and have either length `1 2 (0; 1)or length `2 2 (1; 2). If there are two branches of length `2 then by lemma 14�2(d; �(G)) > 0 and thus �(G) would be less than 1. Therefore G � Bd(z; 1:5)consists of (exactly) two interior vertices v and u2 (u1 is then a boundary vertex).Since without loss c1 � c2 (otherwise change the rôle of u2 and v) we have by (M4),f(v) � f(u2). Now construct a new graphG" by replacing the boundary edges at u2with boundary of edges of length c2�" and the boundary edges at v with boundaryedges of length c1+", for suÆciently small " > 0. Obviously �(G") = �(G). Furtherde�ne a function f" on G" by f"(v) = f(v) + " and f"(u2) = f(u2)� ". Then usingthe Rayleigh quotient we �nd for �(G) > d� 1 � 2h�(G") f"; f"ihf"; f"i = h�(G) f; fi + 4"(f(v)� f(u2)) + 4"2hf; fi+ 2"(f(v)� f(u2)) + 2"2 < h�(G) f; fihf; fi = �(G)where the inequality holds since (f(v) � f(u2)) + " > 0. Thus G cannot have theFaber-Krahn property, a contradiction.Lemma 19. Let Br(v; w) be a branch of length ` with k � ` � k + 1 for a k 2 N,such that there exists a boundary edge of length c < 1. Assume that �(G) is not theroot of any �j(d; �) for j � k. Then Br(v; w) is balanced if and only if �(G) is lessthan the smallest root of �k(d; �).



THE GEOMETRY OF REGULAR TREES WITH THE FABER-KRAHN PROPERTY 11Proof. If Br(v; w) is balanced then k < ` < k+1 and the result follows immediatelyfrom lemma 17.Now assume �(G) is less than the smallest root of �k(d; �). For k = 1, Br(v; w) isbalanced by (M4) and �1(d; �) = 1. Assume the proposition holds for k � 1. Thenevery subbranch Br(w; vi) of Br(v; w) has length `i � k and is balanced. Since�j(d; �(G)) > 0 for j � k, m 62 Br(v; w) n fvg as a consequence of corollary 12.Thus by (M2), `i > k�2 and thus by lemma 18, k�1 � `i � k. Therefore we haveby lemmata 15, 16 and 13 that all subbranches have the same length `i = ` � 1.Thus Br(v; w) is balanced and the proposition follows by induction.Lemma 20. Let Br(v; w) be a branch of length ` with k < ` � k + 1 for a k 2 N.If �j(d; �(G)) > 0 for all j � k, then Br(v; w) is balanced.Proof. Analogously to the second part of the proof of lemma 19 by induction.Lemma 21. Let k be the (smallest) integer such that �j(d; �(G)) > 0 for all j � kbut �k+1(d; �(G)) � 0. Then there are no two branches Br(v1; u1) and Br(v2; u2)of lengths `1 and `2, respectively, v1 6= v2, with k < `1 � `2 < k + 1.Proof. Suppose there would be two such branches Br(v1; u1) and Br(v2; u2). LetBr(w1; v1) � Br(v1; u1) and Br(w2; v2) � Br(v2; u2). By lemma 19 all subbranchesof Br(w1; v1) and Br(w2; v2) are balanced. Since �k+1(d; �(G)) � 0 we �nd by (M4)and (9), f(v1) � f(v2). But by corollary 4 we have f(v1) � f(v2). Thus f(v1) =f(v2), `1 = `2 and consequently f(u1) = f(u2). Let Br(v1; t1) and Br(v2; t2),tj 6= uj , be subbranches. Without loss we assume w1 � w2 and furthermore by theproperties of the spiral-like ordering we �nd t1 � u1 � u2 � t2 (otherwise change therôle of ui and ti). By (M3), f(w1) � f(w2) and f(x1) � f(x2) for all x1 2 Br(v1; t1)and x2 2 Br(v2; t2) with dist(x1; w1) = dist(x2; w2). This holds for every such t1and t2. Applying (7) we �nd (d� �(G))(f(v1)� f(v2)) = f(w1)� f(w2) + f(u1)�f(u2) +Pt1�v1 f(t1) �Pt2�v2 f(t2) = 0. Thus f(w1) = f(w2) and f(t1) = f(t2).But since Br(vi; ti) are balanced we �nd by a straightforward computation (in thereverse order of lemma 8) using (7) that f(x1) = f(x2) for all x1 2 Br(v1; t1) andx2 2 Br(v2; t2) with dist(x1; w1) = dist(x2; w2). Consequently all subbranches atv1 and v2 must have the same length and by lemma 14 �k+1(d; �(G)) � 0 andthus �k+1(d; �(G)) = 0. Thus the branches Br(w1; v1) and Br(w2; v2) are balancedbranches of length k + 1 < ` < k + 2.Now by lemma 9, �k+2(d; �(G)) < 0. Thus w1 6= w2 by lemma 14. But byrepeating the same computation with Br(w1; v1) and Br(w2; v2) instead of Br(v1; u1)and Br(v2; u2) we �nd �k+2(d; �(G)) � 0, a contradiction.Lemma 22. If �(G) is not the smallest root of any �j(d; �), then there exists atmost one unbalanced branch of length ` with k � 1 < ` � k for all k 2 N, k �maxv2V h(v).Proof. By the spiral-like ordering (S2 and S3) we �nd for two vertices w1 � w2 withsame height h(wi), that all branches at w1 cannot be shorter than the branches atw2. Since there is at most one branch that contains boundary edges of length < 1(lemma 21), the proposition follows.In spite of the fact that we need no restrictions on the possible values for k inthe above lemmata (except the diameter of the tree), only a few special cases can



12 JOSEF LEYDOLDoccur, i.e. the smallest root of a �j(d; �) is less than �(G) in almost all cases. Forthe polynomials �k(d; �) we �nd by recursion (10)�1(d; �) = 1�2(d; �) = 1� ��3(d; �) = 1� (1 + d) � + �2�4(d; �) = 1� (2 + d2) � + (1 + 2d) �2 � �3 (16)The smallest roots and bounds for �(G) (by proposition 2) ared = 3 d = 4 d � 5�(G) > 0:171 > 0:535 > 1�1 � � �smallest �2 1 1 1root of �3 2�p3 � 0:209�4 � 0:097 (17)The balls Bd(z; j + 12 ), where z is the midpoint of some edge, are of special im-portance for the theorem. Notice that by symmetry the eigenfunction f must beconstant on the edge containing z. Thus we have f(vj) = f(vj+1) in recursion (8)and consequently we �nd by a straightforward computation for the �rst Dirichleteigenvalue�(B4(z; 4:5)) = 1; �(B3(z; 2:5)) = 1 and �(B3(z; 9:5)) = 2�p3: (18)Notice that for a ball Bd(z; j + 1=2) there exists a root m and d � 1 balancedbranches of length j and one balanced branch of length j + 1 at m.Now we are ready to prove the Faber-Krahn theorem for regular trees.Proof of the necessity condition. Assume G has the Faber-Krahn property. Wehave to show that G is onion shaped. We �rst assume that �(G) is not the smallestroot of any �j(d; �).(O1) is just (M1). (O2) is an immediate consequence of (M2) and lemma 18.(O3) follows from lemmata 19 and 21. (O4) follows from lemma 22 since a branchcannot be balanced if it has an unbalanced subbranch.Now assume that there are at least two interior vertices (otherwise we have case(F0)). We have to show that one of the conditions (F1), (F2) or (F3) holds.If �2(d; �(G)) < 0 then all branches of length ` 2 (1; 2] are balanced by lemma 20since �1(d; �) = 1 > 0. Moreover by lemma 21 there is at most one balanced branchof length ` 2 (1; 2). By (17) and (18), �2(d; �(G)) < 0 if d � 5. If d = 4 then wemust have �(G) > �(B4(z; 4:5)). If G 6� B4(z; 4:5) then by the basic properties ofthe �rst Dirichlet eigenvalue (proposition 1) B4(z; 4:5) 6� G, but B4(m; 4) � G bythe onion shape of G. Thus there must be at least two balanced branches of length` 2 (1; 2), a contradiction to lemma 21 and hence G must satisfy (F1). Analogouslyfor d = 3, G � B3(z; 2:5). Thus condition (F1) holds.If �3(d; �(G)) < 0 but �2(d; �(G)) > 0, then again by lemma 20 all branches oflength ` 2 (2; 3] are balanced and there is at most one balanced branch of length` 2 (2; 3) by lemma 21. However this case only occurs if either d = 4 and �(G) < 1and consequently G � B4(z; 4:5). Or d = 3 and B3(z; 2:5) � G � B3(z; 9:5), i.e.condition (F2).If �4(d; �(G)) < 0 but �3(d; �(G)) > 0 and �2(d; �(G)) > 0 then analogously(F3) must hold. By (17) and (18) no other cases are possible.



THE GEOMETRY OF REGULAR TREES WITH THE FABER-KRAHN PROPERTY 13Now assume �2(d; �(G)) = 0, i.e. �(G) = 1. Let d = 3. If G 6= B3(z; 2:5)then neither G 6� B3(z; 2:5) nor G 6� B3(z; 2:5), by proposition 1. But then wemust have at least to branches of length ` 2 (1; 2), a contradition to lemma 21.Analogously the propostion follows for the remaining cases �2(d; �(G)) = 0 andd = 1 and �3(d; �(G)) = 0 and d = 3.Proof of the suÆciency condition. The set of all connected d-regular trees withboundary of �xed �nite volume and containing a �xed vertex v is compact. Thusby the continuity of �(G), a tree G� that minimizes � (i.e. with the Faber-Krahnproperty) exists.Now let G(V0 [ @V;E0 [ @E) and G�(V �0 [ @V �; E�0 [ @E�) be onion shapedd-regular trees with boundary that ful�ll one of the properties (F0), (F1), (F2) or(F3), with �(G) = �(G�). By these properties the number of interior and boundaryvertices and edges is uniquely de�ned for a given volume �(G). Therefore thereexists a homomorphism H : G! G� with H(V0) = V �0 and H(@V ) = @V � and forall (v; w) 2 E the edge (H(v); H(w)) 2 E� has the same length as (v; w). If G andG� have the Faber-Krahn property, uniqueness up to homomorphism follows.AcknowledgementsThe author would like to thank Leonid Friedlander, Thomas Ho�man-Ostenhofand Peter Stadler for their interest in his work.References[1] I. Chavel. Eigenvalues in Riemannian Geometry. Academic Press, Orlando Fl., 1984.[2] Y. Colin de Verdi�ere. Multiplicit�es des valeurs propres Laplaciens discrete et laplaciens conti-nus. Rendiconti di Matematica, 13:433{460, 1993.[3] Y. Colin de Verdi�ere. Le trou spectral des graphes et leurs propri�et�es d'expansion. S�eminairede th�eorie spectral et g�eom�etrie, pages 51{68, 1993{1994.[4] J. Friedman. Some geometric aspects of graphs and their eigenfunctions. Duke Math. J.,69(3):487{525, March 1993.[5] J. Leydold. A Faber-Krahn-type inequality for regular trees. GAFA, Geom. Funct. Anal.,7(2):364{378, 1997.[6] A. R. Pruss. Discrete convolution-rearrangement inequalities and the Faber-Krahn inequalityon regular trees. Duke Math. J., 91(3):463{514, 1998.University of Economics and Business Administration, Department for Applied Sta-tistics and Data Processing, Augasse 2-6, A-1090 Vienna, AustriaE-mail address: Josef.Leydold@statistik.wu-wien.ac.atURL: http://statistik.wu-wien.ac.at/staff/leydold/


