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MODELING PROBABILITY DISTRIBUTIONS FROM DATAAND ITS INFLUENCE ON SIMULATIONWolfgang H�ormann and Onur BayarBogazii University Istanbul80815 Bebek-Istanbul, TurkeyThis work was supported by the Austrian Aademy of Siene, APART sholarship.Abstrat. Generating random variates as generalisation of a given sample is an important task forstohasti simulations. The three main methods suggested in the literature are: �tting a standard dis-tribution, onstruting an empirial distribution that approximates the umulative distribution funtionand generating variates from the kernel density estimate of the data. The last method is pratiallyunknown in the simulation literature although it is as simple as the other two methods. The omparisonof the theoretial performane of the methods and the results of three small simulation studies show thata variane orreted version of kernel density estimation performs best and should be used for generatingvariates diretly from a sample.Introdution.It is well known that the hoie of the input distribution is a ruial task for building a stohastisimulation model. If the inputs of the real system we are interested in are observable, it is possibleto ollet data. In this ase the hoie of the input distribution for the stohasti simulation model isa statistial problem, whih an be alled the modelling of probability distributions from data. Theproblem an be solved in a parametri approah by estimating the parameters of a suitable standarddistribution or in a non-parametri approah by estimating the unknown distribution. We are onvinedthat due to its greater exibility the non-parametri approah should be used unless there are profounda priori reasons (eg. of physial nature) favouring a ertain standard distribution.In stohasti simulation we are interested not only in estimating the input distribution but alsoin generating random variates from that distribution. This task is alled "generating variates fromempirial distributions" or "generalising a sample" in the simulation literature (see eg. [1℄ and [5℄). Asthese names indiate, the problem of estimating (or modelling) the input distribution is often hiddenbehind a proedure to generate random variates from data. Perhaps that is the reason that no omparisonof the quality of the estimation of the di�erent methods was done till now, allthough there is a developedstatistial theory disussing the optimal estimation of densities. Espeially kernel density estimation iswell suited for modelling input distributions, as variate generation from these estimates is very simple.This was already observed in the monographs [4℄, [2℄ and [6℄ but seems to be widely unknown in thesimulation literature.Therefore this paper ompares the theoretial properties of these di�erent methods of generatingrandom variates from data and will demonstrate with simple examples that the hoie of the methodan have an inuene on simulation results.Sampling from Empirial DistributionsWe are given a random sample of size n, denoted by X1; X2; : : : ; Xn . s will denote the sample standarddeviation. Of ourse the simplest method of sampling from the empirial distribution is naive resam-pling. We just take randomly numbers of the sample. If the sample is based on a ontinuous randomvariable this method has the obvious drawbak, that only a small number of di�erent values an begenerated.To overome these problems two well known simulation text-books ([1℄ and [5℄) suggest to use a linearinterpolation of the empirial umulative distribution funtion (CDF) for generating random variates.The algorithm suggested in [5℄ (we shall all it ELK in the sequel) is only generating points betweenthe minimum and maximum of the sample, whereas the algorithm suggested in [1℄ (alled EBFS) inthis paper) uses an exponential tail on the right hand side of the sample. Both algorithms are simple toimplement.There is another simple adaptation of naive resampling alled smoothed bootstrap in the statistiliterature. Do not only resample but add to any of the resampled numbers some noise, ie. a ontinuous1



random variable with 0 expetation and small variane. It is not diÆult to see, that smoothed bootstrapis the same as generating random variates from a density-estimate by using the kernel method, but it isnot even neessary to ompute the estimated density.Algorithm KDE: (Kernel Density estimation)(0) Set-up: Choose the smoothing parameter b (see below for the formula).(1) Generate a random integer I uniformly distributed on (1; 2; : : : ; n)(2) Generate a random variate W from the noise distribution(3) Return Y = XI + bWThe density of the random noise distribution W is alled kernel and will be denoted by k(x). Clearlyk(x) must be a density funtion and should be symmetri around the origin. As we want to hangethe variane of the random noise we introdue the sale parameter b (alled bandwidth or smoothingparameter in density estimation); the random variable bW has the density k(x=b)=b. The random variateY generated by Algorithm KDE is the equiprobable mixture of n noise distributions, eah entered aroundone of the sample points. This implies that the density of Y (denoted fY ) is the sum of n translatedversions of k(x) multiplied with 1=n. fY is the kernel density estimate of the unknown distribution andis alled f̂ in the literature. fY (x) = 1nb nXi=1 k�x�Xib �Of ourse there remains the question of the hoie of the bandwidth b and the kernel funtion k(x).Here we an use the results of the theory of density estimation as presented eg. in [6℄ or [7℄. To minimisethe mean integrated squared error we use a very simple and robust variant of estimating the optimalbandwidth b as given in [6℄. b = �(k) 1:364 min(s;R=1:34)n�1=5 ;where the onstant �(k) is 0.776 for the Gaussian and 1.351 for the retangular kernel respetively. sdenotes the standard deviation and R the interquartile range of the sample. There are lots of muh moreompliated ways to determine b published in literature. For an overview see [3℄, where the L1-error(ie. the mean integrated absolute error) of many di�erent bandwidth seletion proedures is ompared.The method we use is a mixture of the methods alled "referene: L2, quartile" and "referene: L2, std.dev" in [3℄. The results of the simulation study show that with the exeption of some very strangelyshaped multimodal distributions the performane of this very simple hoie of b is not bad. And we arenot interested in an optimal estimation of the density here but in onstruting an empirial distributionthat is "as lose as possible" to the theoreti distribution in all aspets.The last question that has to be solved before we an use Algorithm KDE is the hoie of the kernel.Asymptoti theory shows that the MISE is minimal for the Epanehnikov kernel f(x) = (1 � x2)3=4but some other kernels have allmost the same eÆieny. Therefore we an hoose the kernel by alsoonsidering other properties, eg. the speed and simpliity of our generation algorithm. In that respet theretangular kernel (ie. uniformly distributed noise) is of ourse the best hoie, but it has the theoretialdraw-bak that the estimated density is not ontinuous. Due to the nie statistial interpretation weprefer Gaussian noise and will use it in the sequel.Algorithm KDE guarantees that the density funtion of the empirial distribution approximates thedensity of the unknown true distribution as good as possible with respet to the mean integrated squarederror. On the other hand we learly see, that for algorithm KDE the variane of the empirial distributionis always larger than the variane of the observed sample. This an be a disadvantage in simulationsthat are sensitive against hanges of the variane of the input distributions. To overome this problemit is possible to fore the empirial distribution to have the same variane as the sample in the followingway (suggested in [6℄).Algorithm KDEVC:(0) Set-up: Compute the mean �x, the standard deviation s and the interquartile range R of the sample.Compute b = �(k) 1:364 min(s;R=1:34)n�1=5(1) Generate a random integer I uniformly distributed on (1; 2; : : : ; n)(2) Generate a random variate W from the noise distribution(3) Return Y = �x+ (XI � �x+ bW )=(1 + b2�2k=s2)1=2 (�2k denotes the variane of the kernel)
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� ��� � ��� �Figure 1: A triangular density with the empirial densities of ELK (step funtion) and KDERemark: Positive random variables are interesting for many appliations. Method KDE an auseproblems for suh appliations as it will also generate negative variates. The easiest way out is the so-alled mirroring priniple. Instead of a negative number Y simply return �Y . Unfortunately the mir-roring priniple disturbs the variane orretion. They an be used together but the resulting empirialdistribution has a smaller variane than the sample. This an only be a pratial problem if the sampleof a positive distribution has many values lose to zero.Comparison of MethodsExpetation and VarianeAn important onern for many simulations is the expetation and the variane of the input distribution.The best we an hope to reah is that the expetation and the variane of the empirial distribution areequal to the sample mean and sample variane of the observed sample as these are the best availableestimates for the unknown values. All methods desribed above produe random variates that have asexpetation the sample mean. Only for ELK the result is slightly di�erent.Conerning the variane the situation is more ompliated: For kernel density estimation we knowthat the variane of the empirial distribution is larger than the sample variane. A simple alulationshows that V (KDE) = s2((n� 1)=n+ b2�2k) whih is s2(1� 1=n+1:058n�2=5) for the Gaussian kerneland our hoie of b. For eg. n = 100 the variane fator V (emp. distr)=s2 = 1:164) whih shows that itmay be wise to onsider the variane orreted version of the algorithm KDEVC whih has by design afator of one for any sample size. A seond possibility to redue the variane fator of Algorithm KDEis the use of a smaller bandwidth b. For the limiting ase b ! 0 Algorithm KDE oinides with naiveresampling and thus has a variane fator of (n� 1)=n.For the two methods based on linear approximation of the CDF (ELK and EBFS) there is no simpleformula for the variane of the empirial distribution as the variane depends on the sample. So weomputed the variane of the empirial distribution in a small simulation study. Our results show thatfor ELK the variane of the empirial distribution is always smaller than the sample variane, for EBFSthe variane is due to the added tail always bigger. The fator V (emp. distr)=s2 is strongly inuenedby the shape of the theoreti distribution. For samples of size 100 we observed fators up to 1.12 forEBFS and down to 0.91 for ELK.The �ne struture of the empirial distributionThanks to L. Devroye there exists a theoretial result about the quality of the loal approximation ofthe unknown density by the methods ELK and EBFS. He showed (see [1℄ p. 132) that for n towards3



in�nity the density of the empirial distribution does not even onverge against the orret distribution.In ontrast to this poor behaviour we know that for method KDE the estimated density onverges andwe even have (approximately) minimised the mean integrated squared error. For method KDEVC theoptimal approximation of the density is slightly disturbed by the orretion of the variane. Neverthelesswe know that asymptotially KDEVC has very nie approximation properties beause it oinides withKDE. As this theoretial argument seems to be unimpressive for simulation pratitioners we try toillustrate the onsequene of this theoretial result in Figure 1. It ompares for a "well behaved" sampleof size 20 (from a triangular distribution) the empirial density of method ELK (whih is pratiallyidential with EBFS) and of method KDE. Looking at Figure 1 we an also understand that the highpeaks in the ELK-density our when two sample points are omparatively lose together and thishappens in pratially all samples.The distane between the theoretial and the empirial distributionsThere are di�erent distane measures suggested in the literature to ompute the distane between twodistributions. In density estimation the L2-di�erene (integrated squared di�erene) and the L1- dif-ferene (integrated absolute di�erene) are of major importane. Another possibility is to use the L1-di�erene or the L2-di�erene between the two CDFs. As method KDE is based on estimating thedensity whereas ELK and EBFS are based on an approximation of the CDF we thought that these fourmeasures would favour automatially one group of the algorithms disussed here. Therefore we deidedto use a third lass of distane measures for our omparison: The test-statistis of three well knowngoodness-of-�t tests, the Chi-square test, the Kolmogorov-Smirnov test and the Anderson-Darling test.For the Chi-square test we took the number of equiprobable lasses as [pm℄. Then the test-statistidivided through m onverges against R (f̂(x)� f(x))2=f(x)dx a weighted squared di�erene of empirialand theoretial density. (f̂ denotes the density of the empirial distribution of the di�erent meth-ods.) These onsiderations learly show that the hi-square test is more sensitive to deviations in thetails than to deviations in the entre of the distribution. The Kolmogorov-Smirnov test measures themaximal absolute di�erene between the empirial CDF and the theoretial CDF. Its test statisti isDm = sup(jFm(x) � F (x)j) (where Fm denotes the emprial CDF of the sample). The power of theKS-test for deviations in the tails is low. The Anderson-Darling test on the other hand was designed todetet disrepanies between the tails of the distributions. Like the KS-test it ompares the theoretialand the empirial CDF but it uses a weighted L2-di�erene to ompare the CDFs. The test statisti isA2m = m R (Fm(x) � F (x))2f(x)=(F (x)(1 � F (x)))dxThen for eah random sample of size n = 100 of the di�erent theoretial distributions and for eahof the �ve di�erent methods we generated 40 di�erent samples of the empirial distributions with sizem = 3000. The omputed the average test statistis for all these experiments and repeated them for 40di�erent samples of the theoretial distribution.Table 1 gives the �nal average of the di�erent test staistis. These results an be seen as a (stohasti)distane measure between the theoretial distribution and the empirial distribution. They are (likeeg. the mean intagrated squared error) a measure for the deviation between empirial and theoretialdistribution averaged over di�erent samples from the theoretial distribution. We an see that all averagesare in the ritial region of the respetive tests. This is not surprising. As the empirial distribution isbased on a sample of size 100 only, a muh larger sample (m = 3000) from the empirial distributionannot have exatly the same properties as a sample from the orret distribution. In the hi-square andin the Kolmogorov-Smirnov tests methods KDE and KDEVC perform onsiderably better than EBFS,ELK and naive resampling. For the Anderson-Darling tests the di�erenes are small but even thereKDEVC performs best. The results do not only show that kernel density estimation performs betterthan the other methods, they also show that the variane orreted method performs in almost all asesbetter than the original version. We were astonished that for these three very di�erent distane measuresand for four quite di�erent distributions the same method for onstruting the empirial distribution isbest or lose to best in all ases. We think that this result is a strong argument in favour of methodKDEVC.We added the last olumn of Table 1 to ompare the disussed methods with the method of �tting astandard distribution (FSD). Of ourse FSD performs best if we �t the orret distribution but Table 1shows that KDEVC is in most ases not far away whih means that we do not loose muh in using KDEVCinstead of a standard distribution. The two mixture distributions were hosen suh that their shape is4



not far away from a standard distribution. If we assume { as we do for FSD { that the data ome from astandard normal distribution with unknown parameters, we would estimate the parameters � and � andthen ondut a hi-square test. The power of the test (the probability to rejet the hypothesised normaldistribution) is 0.5 if the unknown true distribution of the sample is our normal equiprobable mixtureof N(0,1) & N(3,1) and the sample size is 100. Thus the poor results for �tting a normal distributionto the normal mixture are not arti�ial numbers. They have pratial relevane as the power of thegoodness-of-�t tests is often too low to show the deviation from the hypothesised standard distribution.For the gamma mixture we used a distribution, whih is even loser to a gamma distribution. Only for15 % of all samples of size 100 the hi-square test rejets the hypothesised gamma distribution. Thedistane measures show that the quality of the approximation of FSD and KDEVC is about the same.Of ourse it is no problem to �nd examples where FSD performs arbitrarily poor. Just take a theroetidistribution with a shape far away from any standard distribution.Table 1: Average Test Statistis and standard errors (in brakets).Critial EBFS ELK Naive KDE KDEVC Standardvalue 5% resampling distributionTheoretial distribution: Gamma(2)�2-mean(SE) 71.0 1218 (24) 1270 (25) 1642 (31) 319 (10) 241 (7) 110 (6)KS-mean*1000 24.8 79 (2) 79 (2) 84 (2) 56 (2) 54 (2) 44 (2)AD-mean 2.5 27 (2) 27 (2) 27 (2) 31 (2) 24 (2) 17 (2)Theoretial distribution: Gamma mixture: G(2)&G(6)�2-mean(SE) 71.0 1196 (23) 1256 (24) 1651 (28) 268 (6) 230 (6) 220 (5)KS-mean*1000 24.8 84 (3) 84 (3) 88 (3) 57 (2) 63 (2) 68 (2)AD-mean 2.5 32 (2) 32 (2) 32 (2) 30 (2) 28 (2) 628 (2)Theoretial distribution: Normal(0,1)�2-mean(SE) 71.0 1290 (26) 1240 (23) 1633 (30) 220 (12) 155 (7) 113 (7)KS-mean*1000 24.8 82 (2) 83 (2) 87 (2) 59 (2) 54 (2) 46 (2)AD-mean 2.5 30 (2) 30 (2) 31 (2) 30 (2) 22 (2) 19 (2)Theoretial distribution: Normal Mixture: N(0,1)&N(3,1)�2-mean(SE) 71.0 1261 (29) 1229 (26) 1601 (33) 350 (18) 209 (9) 513 (7)KS-mean*1000 24.8 80 (3) 80 (3) 80 (3) 62 (2) 65 (3) 92 (2)AD-mean 2.5 32 (3) 31 (3) 31 (2) 35 (3) 26 (2) 44 (2)Inuene on Simulation resultsChanging the method of modelling the empirial distribution is not more than hanging the �ne strutureand perhaps slightly the variane of the input distribution of a simulation model. It is to be expetedthat many simulations, whih have as ouput averages of a large number of input random variables, arenot very sensitive to small hanges in the �ne struture of the input distribution. For example it isknown that the average waiting time in the M/G/1 queue is only inuened by the expetation and thevariane of the servie time distribution and not by its shape. And it is even better known that thedistribution of the sample mean of a large sample is always very lose to normal. The parameters ofthat normal distribution are again only inuened by the expetation and the variane of the underlyingdistribution and not by its shape. These are arguments why the hoie of the method will not have abig inuene on many simulation results. Nevertheless we try to get some insight into this question bylooking at three examples. The �rst simulation model we tried is the M/G/1 queue. The inter-arrivaltimes are taken exponential with expetation 1, the servie times are modelled from samples of di�erentgamma distributions, using the di�erent empirial methods desribed above. Then we simulated themodel starting with an empty system and observed the average waiting time (AVW) and the maximalnumber in queue (MAXNIQ). We repeated this experiment for several di�erent samples of the theoretialservie-time distribution to get an average over di�erent samples. We assumed in advane that this modelis probably very stable with respet to small hanges of the �ne struture of the distribution but we triedit beause of its importane and beause we thought that the tail-modelling of the empirial distributionould have some inuene on the results. The results given in Table 2 mainly show that there is little tohoose between the di�erent methods to �t an empirial distribution, all methods have about the sameperformane and rarely di�er more than one standard error. The seond interesting result is that the5



size of the error when using an empirial instead of the orret distribution strongly depends on �, theutilisation fator of the system. The results for � = 0:4 and n = 100 are better than those for � = 0:9and n = 500.Table 2: M/G/1-queue: Average Error and its Standard Error (in brakets)� a of � n KDE KDEVC EBFS Naive ELKdistr. ResamplingAVW*100 0.9 10 100 137(21) 137(21) 138(21) 138(21) 132(19)MAXNIQ*100 0.9 10 100 340(41) 341(40) 341(42) 343(40) 332(37)AVW*100 0.9 10 500 53(4) 52 (4) 52(4) 52(4) 53(4)MAXNIQ*100 0.9 10 500 142(11) 137(10) 138(11) 140(11) 143(10)AVW*100 0.4 2 100 3(0.3) 3(0.3) 3(0.3) 3(0.2) 3(0.2)MAXNIQ*100 0.4 2 100 37(3) 37(3) 47(4) 36(3) 38(3)AVW*100 0.4 2 500 1.5(0.1) 1.5(0.1) 1.5(0.1) 1.5(0.1) 1.5(0.1)MAXNIQ*100 0.4 2 500 18(1) 19(1) 21(2) 17(1) 18(1)AVW*100 0.4 10 100 1.0(0.1) 1.0(0.1) 1.0(0.1) 1.0(0.1) 1.0(0.1)MAXNIQ*100 0.4 10 100 12(1) 11(1) 13(1) 11(1) 12(1)AVW*100 0.4 10 500 0.5(0.03) 0.5(0.03) 0.5(0.03) 0.5(0.03) 0.5(0.03)MAXNIQ*100 0.4 10 500 5(0.4) 6(0.4) 6(0.4) 5(0.4) 5(0.4)Due to the very small di�erenes between the methods for the M/G/1-queue we looked for simulationexamples that are inuened by the �ne struture of the distribution. So we tried the following: Wetake a sample of size 50 of a gamma distribution and ompute the maximal and the minimal distanebetween two neighbouring points. What happens in that experiment if the gamma distribution is replaedby an empirial distribution onstruted from a sample of size n = 100 or 500 of the orret gammadistribution? We repeated eah experiment 10000 times and arrived at the results given in Table 3.Table 3: Average minimal and maximal distanes, (standard errors in brakets)n EBFS ELK Naive KDE KDEVC Corretresampling distrib.Theoretial distribution: Gamma(2)min*105 (SE) 100 55(0.7) 54(0.7) 0 (0) 172(2) 168(2) 163(2)min*105 (SE) 500 76(1) 77 (1) 12 (0.6) 173(2) 167(2) 163(2)max *100 (SE) 100 196 (2) 125 (1) 147 (1) 138(1) 129(1) 150(1)max *100 (SE) 500 172 (2) 139 (1) 148 (1) 146(1) 141(1) 150(1)Theoretial distribution: Gamma(20)min*105 (SE) 100 209 (3) 199(3) 0 (0) 679(7) 624(6) 628(6)min*105 (SE) 500 306 (4) 304 (4) 53 (3) 662(7) 628(6) 628(6)max *100 (SE) 100 706 (5) 291 (1) 342 (2) 339(2) 310(2) 323(2)max *100 (SE) 500 482 (4) 314 (2) 331 (2) 338(2) 324(2) 323(2)The interpretation of Table 3 with respet to the minimal distane is simple. Naive resampling isuseless if the �ne struture of the distribution is of any importane, even though the sample generatedfrom the empirial distribution had only size m = 50 whereas n = 100 or even n = 500 data pointswere available. The seond observation is that the �ne struture of EBFS and ELK are only slightlybetter whereas those of KDE and KDEVC are muh better with results lose to the results using theorret distribution. Interesting is the fat that the results of the variane orreted method are betterthan those of the standard method. If we look at the results for the maximal distane we see that naiveresampling works better than expeted. The results of EBFS are worse than expeted, although EBFSassumes exponential tails, whih should be an advantage. KDE and KDEVC again show good results.Our last example an be interpreted as part of a omputer-system simulation. Two proesses workwith the same �le. They start at the same time and the time between two �le-aesses follows the samedistribution (gamma(10, 0.1)). Now we want to estimate the probability that the two proesses try toaess the �le at "almost the same time", ie. that the time di�erene is smaller than a given tolerane.What happens in this example with the simulation results if again the gamma distribution is replaed byan empirial distribution whih is onstruted from a sample from the orret distribution? Our resultsare given in Table 4. As we have observed in Table 3 the empirial distributions onstruted by KDE andKDEVC have about the same behaviour as the orret distribution. EBFS and ELK are onsiderablyworse whereas naive resampling is totally useless for this example.6



Table 4: Estimated probability of �le aess at the same time, (SE of estimate in brakets)n tol EBFS ELK Naive KDE KDEVC Corretresampling distrib.Prob*106(SE) 100 10�5 306 (25) 282 (24) 10328 (143) 202(20) 240 (22) 167 (10)Prob*106(SE) 500 10�5 242 (22) 248 (22) 2156 (66) 186(19) 214 (21) 167 (10)Prob*106(SE) 100 10�4 2592 (72) 2628 (72) 12142 (155) 1960(63) 1978(63) 1898 (30)Prob*106(SE) 500 10�4 2278 (67) 2234 (67) 3956 (89) 2044(64) 2026(64) 1898 (30)Future WorkIt is also possible to use kernel funtions that have heavier tails than the normal distribution, for examplethe density of the t-distribution or of the logisti distribution. Allthough not used in density estimationthey ould be interesting for our purpose as they allow to generate distributions with the same behaviouras the given sample but di�erent tail behaviour. They ould be used in simulation studies to test theinuene of the tails of the input distribution on the �nal results. We tried as kernels the Gaussian,the uniform, the logisti and the t-distribution (with 3 degrees of freedom). There were lear di�erenesbetween di�erent used kernels in the results of the maximal distane in Table 3, whih is obviouslysensitive to the tail behaviour of the input distribution. As the results for all other tables were pratiallythe same for all di�erent kernels we have only reported the results of the Gaussian kernel. Neverthelesswe think that the use of di�erent (heavier tailed) kernels in simulation studies would deserve futuredisussion. An additional advantage of the kernel method is the possibility to generalize it to higherdimensions. This is important as with the exeption of the normal distribution few standard distributionsare ommonly used to model multivariate data. We will present the details in a subsequent paper.ConlusionsThe �rst of the �nal onlusions from the above investigations is in our opinion that methods thatgenerate random variates diretly from data are important and useful tools in simulation studies. Theyare easy to use and more exible than �tting standard distributions to data. They should be usedwhenever there are no a priori reasons for using a ertain standard distribution. The seond onlusionis even more obvious. Use kernel density estimates to onstrut the empirial distribution funtion.Allthough the question whih variant should be taken is not fully solved here, we think that the resultspresented in this paper learly favour the variane orreted version (KDEVC) allthough one ould �ndappliations where the original version KDE performs better.Sampling from kernel density estimates is a simple task. There is mathematial theory that showsthe good theoretial behaviour of these estimates, and the empirial results of this paper on�rm thatthese good theoretial properties an lead to more aurate results in simulation studies. Thus it is animportant tool for modelling input distributions in simulation studies.Referenes[1℄ P. Bratley, B. L. Fox, and E. L. Shrage. A Guide to Simulation. Springer-Verlag, New York, 2edition, 1987.[2℄ L. Devroye. Non-Uniform Random Variate Generation. Springer-Verlag, New-York, 1986.[3℄ L. Devroye. Universal smoothing fator seletion in density estimation, theory and pratie. Test, 6(1997), 223{320.[4℄ L. Devroye and L. Gy�or�. Nonparametri Density Estimation: The L1 View. John Wiley, New-York,1985.[5℄ A. Law and D. Kelton. Simulation Modeling and Analysis. M-Graw-Hill, New-York, 1991.[6℄ B. Silverman. Density Estimation for Statistis and Data Analysis. Chapman and Hall, London,1986.[7℄ M. Wand and M. Jones. Kernel Smoothing. Chapman and Hall, London, 1995.7


