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Efficient Variance Identification
for Sparse Factor Analysis
Darjus Hosszejni Sylvia Frühwirth-Schnatter
Institute for Statistics and Mathematics, WU Vienna

Factor Model
Consider the linear Gaussian latent factor model

yt ∼ Nm(βft, diag(σ2
1, . . . , σ2

m)), ft ∼ Nr(0, Σf).
Only y is observed, therefore this can be rewritten as

cov(y) = low rank + diagonal. (1)
More precisely, cov(y) = βΣfβ> + diag(σ2

1, . . . , σ2
m), where β has

full column rank and Σf = Ir is chosen. In our context, variance
identification means that decomposition (1) is unique for a given
rank r.

Sparse Factor Model
It is easy to see that for i 6= j we have cov(yi,., yj,.) = βi,.β

>
j,..

Sparse factor analysis (SFA) is conducted when exact zeros within
β are of interest. If exact zeros are estimated in β, that enhances
interpretability because pairs/groups of i, j can easily be identified
with cov(yi,., yj,.) = 0.
Reiersøl [5] showed that if there is a solution to factor analysis, i.e.
a rank r where decomposition (1) exists, then there are infinitely
many solutions with any larger r. Consequently, it is easy to over-
estimate the number of factors if variance is not uniquely identified.
Classical results about generic global and local identification by
Shapiro [7] and Bekker and ten Berge [2] solve the question of vari-
ance identification in dense factor analysis by referring to the Le-
dermann bound [4]. However, these results do not apply in SFA
because the exact zeros may fix β in a locally or even globally non-
variance-identified space. The simplest example is β = (0, α, 0)>

with r = 1 and m = 3. This factor can be eliminated and built
into the idiosyncratic variance for all α 6= 0.
As a way out, Anderson and Rubin [1, AR] provide a sufficient con-
dition for variance identification but it may be inefficient to directly
verify this. Sato [6] introduces a counting rule that is necessary for
AR but it is still difficult to verify:
For every unitary matrix G and every 1 ≤ q ≤ r, every submatrix

containing q columns of βG has at least 2q + 1 nonzero rows.
There are three issues: the exponential number of submatrices, the
infinite number of rotations G, and that this is a necessary condi-
tion for a sufficient condition. Frühwirth-Schnatter and Lopes [3]
overcome the latter two for generalized lower triangular matrices,
and we solve the first issue here by utilizing results in graph theory.
Details will publicly appear soon.
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Application: Moving Window
Prediction
The model is extended with column-wise shrinkage and spike-and-
slab indicators on the factor loadings

βij | δij = 0 ≡ 0,

βij | δij = 1 ∼ N(0, σ2
i ),

δij ∼ Ber(τj),
τj ∼ B(a0, b0),

combined with the conjugate σ2
i ∼ IG(c0, C0). The estimated δ

provides the basis for variance identification.
Data: 17 weekly exchange rates against EUR between 2003 and
2005. One year of data is fitted with eight factors and the next
week is predicted. Then, the time window is shifted by a week and
the exercise is repeated. Two strategies are raced: either the model
is taken as is or the prior is restricted to variance identified models
based on the result of the counting rule applied to δ.
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With and without variance identification

Figure 1: Top: log-predictive-likelihood (LPL) without variance identification
minus LPL with the prior restricted to variance identified draws; dots represent
the difference in posterior means and the gray intervals are the ±2 posterior stan-
dard deviation credible region under the unrestricted prior. Bottom: estimated
number of factors = number of columns in δ with at least one nonzero element;
not shown here is that the posterior distributions overlap but the difference be-
tween the lines is “a posteriori statistically significant.”

Efficient Variance Identification
Graph theory has a large literature on efficient algorithmic decision
making, therefore it is useful to translate the counting rule to a task
on graphs. The representation is demonstrated in Figure 2 through
an example with r = 3 and m = 7.
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Figure 2: Mapping δ to a weighted bipartite graph and then computing the
minimum vertex cover (MVC) in the the graph. Counting rule (CR) is satisfied
iff the MVC equals r(2r + 1). Left: CR satisfied. Right: CR violated.
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